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Abstract

We characterize the equilibrium of the standard sovereign default model with long-term, non-contingent
debt. We show existence of the Markov equilibrium and uniqueness of equilibria that are the limit
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endogenous grid method delivers residuals orders of magnitude smaller than standard value function
iteration, at roughly an order of magnitude lower computational cost.

Keywords: Long-term debt, Sovereign default, Generalized Euler Equation, Computational methods
JEL Classification: F34, E44, C63, G12

*We thank attendants of seminars at UCL (2015), Southampton Macro Workshop (2016), SED Meetings (Toulouse
2016), EEA Congress (Geneva 2016), and at the 2022 Workshop on Dynamic Games in Macroeconomics and Public
Finance (Stony Brook) and Satyajit Chatterjee, Andrew Clausen and especially, Urban Jermann whose presentation of

“Sticky Leverage” inspired this project.
TQueen Mary University of London, and Centre for Macroeconomics (CFM)
*Ohio State University
§University of Pennsylvania, University College, London, CAERP, CEPR and NBER
YUniversity of Basel



1 Introduction

The use of long-term debt (in the spirit of Hatchondo and Martinez (2009), Arellano and Rama-
narayanan (2012) and Chatterjee and Eyigungor (2012)) has become widespread in the literature on
sovereign default. Competitive risk-neutral lenders with deep pockets trade non-contingent debt con-
tracts with a risk-averse borrower who can always choose to default. The borrower’s income is stochastic,
so there is value to accessing credit markets, but it cannot commit to repay in future, which affects the
current price of debt and hence the terms of that credit access. With long-term debt, the lack of com-
mitment affects not only the repayment of the debt, but also the amount of subsequent borrowing which
dilutes the ongoing value of the debt held.

The sovereign's problem, even in its simplest Markovian form,! is a particularly fiendish problem.
Consumption and bond holdings policy functions do have discontinuities, kinks and flat areas, thereby
making the precise representation of its solution and properties challenging.>? Our approach is closest
in spirit to the noise-smoothing route of Chatterjee and Eyigungor (2012): we add small extreme-
value shocks to the default decision, which deliver differentiability of policy and price functions without
imposing constraints on prices. The purpose of this paper is to provide a precise characterization of the
equilibrium, its existence and uniqueness properties and, in particular, of the elements that determine the
trade-offs faced by the borrower both in its original form (without extraneous randomness) as well as in
the modern form of extreme value shocks to the values of defaulting and not defaulting. An additional
objective is to propose computational strategies that, not only offer gains in efficiency and accuracy, but
also provide criteria for verifying the computed objects are indeed an equilibrium.

We first lay down the original decision problem describing how the bond price admits points of non-
differentiability which affect the optimal borrowing decision. We establish existence of equilibrium and
uniqueness of equilibria that are the limit of finite economies, ruling out the type of trigger-strategy
equilibria coded as Markov-like equilibria described by Krusell and Smith (2003); our approach mimics
the one of Bhaskar et al. (2012). The equilibrium that arises as this limit is of one of two types—a
borrowing equilibrium, in which the sovereign enters the risky borrowing region with positive probability
and all debt levels carry a discount for dilution risk, or a saving equilibrium, in which the sovereign never
exceeds the risky debt limit and so faces no dilution discount—with the type selected by primitives rather

than chosen by the limit; Section 4 develops this point and relates it to the multiplicity result of Aguiar

Where we are only looking at the Markov equilibria of games with sequences of sovereigns.

2To deal with some of these difficulties Chatterjee and Eyigungor (2012) add i.i.d. truncated Normal endowment shocks
to the model, and Aguiar and Amador (2021) resort to technical constraints on prices in addition to continuous time and
a shock to the outside value of default.



and Amador (2020). We also discuss the implied discontinuities for the policy functions, including kinks
and jumps that make the original problem hard to characterize and to solve for (Chatterjee and Eyigungor
(2012); Dvorkin et al. (2021)); analytical progress calls for introducing some form of smoothness.

We proceed by posing extreme value shocks (or in general any continuous shocks) to the default
decision, thereby transforming the environment to allow for randomization between repayment and
default. This change to the environment has many advantages: the choice is always interior, extreme
value shocks are well known in the profession and they yield simple formulae for the probabilities of each
action. In this transformed economy existence and uniqueness are also established.

We move on to characterize the optimality conditions analytically by means of an intertemporal
first-order condition with derivatives on future actions —i.e. a Generalized Euler Equation (GEE). We
proceed by first assuming convexity of the decision problem and differentiability of the price, the default
set and the bond policy function to derive the GEE, and then we provide conditions under which these two
assumptions hold true. The GEE enables a complete characterization of interior solutions and determines
the main forces at play. We show that the introduction of extreme value shocks can convexify the decision
problem and enables the price and the policy functions to become smooth everywhere. Hence, the proper
derivation of the GEE is possible for all positive values of debt. Even when the problem is not convex,
the GEE remains useful: it may have multiple solutions, but a simple multi-start safeguard—running
the root-finder from low and high initializations and comparing values—identifies the global maximizer
(see Section 6.3). This characterization is not confined to the simple environment in which we derive it:
Appendix B shows that the same GEE, with the appropriate modifications, characterizes the canonical
long-term-debt model with persistent income and stochastic re-entry (Appendix B.1), the partial-default
model of Arellano et al. (2023) (Appendix B.2), and the case of a positive recovery rate upon default
(Appendix B.3).

The GEE serves both as a basis for computation and as a criterion to verify that a candidate solution
is indeed an equilibrium. As a basis for computation it allows one to solve for the policy functions using
global methods that avoid discretization. We implement two such methods: policy function iteration on
the GEE (PI), and the endogenous grid method of Carroll (2006) adapted to the GEE (EGM). At CRRA
o = 2 the GEE for consumption reduces to a quadratic, which EGM exploits in closed form; Pl proceeds
without the closed form by solving the GEE pointwise. Both methods approximate policy, value, and
price functions with piecewise cubic Hermite polynomials so that the derivatives required by the GEE
are available off-grid. This delivers accurate and fast computation that is not generally possible with

discretization of the state space (even with extreme-value smoothing).



The starting point of the literature on sovereign debt and default is the study of Eaton and Gersovitz
(1981) which has been directly extended by Aguiar and Gopinath (2006) and Arellano (2008).3 The initial
model considers a sovereign borrower which trades one-period bonds with a continuum of competitive
lenders. In this environment, Hatchondo and Martinez (2009), Arellano and Ramanarayanan (2012)
and Chatterjee and Eyigungor (2012) introduce long-term debt in the form of a geometrically decreasing
maturity rate. This approach is computationally friendly as it cuts down on the number of state variables
and enhances the quantitative fit to the data. Nevertheless, analytical characterization of the problem
becomes more arduous as the bond price depends on future actions.

Our analysis provides an analytical characterization of incomplete markets models with default under
long-term bonds. Such characterization already exists for short-term debt. More precisely, Auclert and
Rognlie (2016) show existence and uniqueness in Eaton and Gersovitz (1981). The proof relies on the
standard argument made by Bulow and Rogoff (1989) that reputation alone cannot sustain debt. Feng
and Santos (2021) extend the existence and uniqueness results to a model with capital, and furthermore
show existence of an equilibrium with smooth policies with the addition of taxation. Aguiar and Amador
(2019) provide a contraction mapping argument, and Aguiar et al. (2019) show existence and uniqueness
by looking at the dual problem of the revenue-maximizing lender. Finally, Clausen and Strub (2020) use
reverse calculus and nested optimization. Their paper is the closest in spirit to ours as they also use
differentiability to characterize equilibrium, albeit of short term debt (and other environments such as
adjustment costs and social insurance). In our environment, long-term bonds introduce the possibility
to dilute legacy debt which requires the bond policy to be differentiable alongside the bond price and the
default set. With short-term debt, differentiability of the bond policy is not needed. Another important
difference is that in Clausen and Strub (2020) the lack of smoothing shocks prevent the use of the GEE
because of kinks that have to be found. Their results only speak of situations where the first order
condition holds as an equality.

Regarding long-term debt, Chatterjee and Eyigungor (2012) show the existence of an equilibrium bond
price. Their proof relies on randomization through continuous i.i.d. shocks and restricting the choice
of debt to a finite set. This allows for the application of Brouwer's Fixed Point theorem. Subsequently,
Aguiar and Amador (2020) show that there exist two equilibria in such class of model: a "borrowing”

equilibrium where the borrower issues debt until it reaches some debt limit and defaults, and a “saving”

3There is an associated large literature on household bankruptcy that is based on essentially the same theory and is
supported by the U.S. Bankruptcy code that justifies many of the assumptions made (Livshits et al. (2007); Chatterjee et
al. (2007)). There is another literature concerned with lack of commitment with long-term debt like we do here but without
default (Debortoli et al. (2017); Gomes et al. (2014); Faraglia et al. (2019)).



equilibrium where the borrower reduces the stock of debt until default no longer occurs with positive
probability. In contrast, we show uniqueness by focusing on equilibria that are the limit of those of
finite economies, while Aguiar and Amador (2020) might not rule out trigger strategy equilibria coded
as Markov-like equilibria.

Our characterization relies on the GEE. More precisely, the Euler equation contains derivatives of
prices. We therefore relate to the work on time inconsistent policy of notably Krusell et al. (2002, 2010),
Krusell and Smith (2003), Klein et al. (2008), Mateos-Planas (2010) and others. Our work relates
to the work of Hatchondo and Martinez (2009), Niepelt (2014), Arellano and Ramanarayanan (2012),
and Hatchondo et al. (2016) who study the trade-off between the issuance of short-term and long-term
debt and to the work of Arellano et al. (2023) who analyze the decision to partially default. An early
version of Aguiar and Gopinath (2006) and Hatchondo et al. (2016) include also a discussion of the first
order conditions using debt price derivatives. All the aforementioned studies adopt a heuristic approach
by assuming that the relevant policy functions and prices are differentiable ignoring the existence of
the critical points or thresholds discussed above. In contrast, we show that those objects are indeed
differentiable everywhere provided the default decision is affected by utility shocks. The GEE that we
obtain provides a precise decomposition with various additional terms incorporating the default and
dilution effects that are novel in this problem.

Beyond its analytical content, the GEE also provides a natural computational strategy to both solve
the model as well as to analyze any candidate solution obtained. In this context, the finding of Hatchondo
et al. (2010) that different solution methods such as splines or Chebyshev polynomials lead to different
numerical results than the standard value function iteration algorithm in the case of short-term debt calls
for a criterion under which to assess the extent to which the candidate solutions are indeed equilibria.
The GEE provides such a criterion because it is a necessary condition that the solution candidate must
satisfy. The strategy followed in Arellano et al. (2016), that use the Euler equation to solve the short-
term debt problem numerically assuming that the GEE always holds, can then be verified. We see our
contribution as both analytical and computational: the GEE characterization complements and grounds
the computational strategies used to solve for equilibrium.

When we solve the model, we rely on extreme value shocks to apply the GEE by means of the
two GEE-based methods introduced above — policy function iteration and the endogenous grid method
adapted from Carroll (2006). Unlike Arellano et al. (2020), Mihalache (2020) and Dvorkin et al. (2021),
we only introduce such shocks in the value of defaulting and repayment. We show that there is a scale

of these shocks that is sufficient to ensure strict convexity of the maximization problem. The decision



problem might remain non-convex with small scale parameters (because of insufficient utility noise). In
this case, the set of solutions to the GEE will not be unique, yet the relevant solution to the GEE (the
one associated to the global maximum) tells us how the different elements weight in the optimal choice.
We also contribute to this literature by establishing that extreme value shocks enable the differentiability
of the bond price and the bond policy function.

Section 2 presents the environment and the decision problem. Section 3 considers the decision
problem under extreme value shocks and Section 4 establishes existence and uniqueness as the limit of
finite horizon economies. Section 5 derives the GEE and characterizes the equilibrium. Section 6 presents
a fully calibrated quantitative application following Chatterjee and Eyigungor (2012), provides detailed
pseudocode for the three solution methods compared in the main text (discrete-state value function
iteration, policy function iteration, and the endogenous grid method), and compares their accuracy and
speed. Section 7 concludes. All the proofs are in the Appendix.

A clarification about the scope of our uniqueness result is in order: it is a selection result showing
uniqueness of equilibria that arise as limits of finite-horizon economies, but it does not claim uniqueness

of all Markov equilibria in the infinite-horizon model.

2 The Model

We consider a standard model of incomplete markets with default in the spirit of Eaton and Gersovitz
(1981). A risk averse sovereign trades long-term bonds with deep pockets risk neutral, competitive
lenders. Crucially, the sovereign cannot commit its future selves to repay outstanding debt. We begin
by describing the environment and the sovereign’s decision problem (Section 2.1), and then define bond
prices and the Markov equilibrium (Section 2.2, Definition 1).

For analytical clarity, the model of this section incorporates two simplifying choices. First, the
endowment process is i.i.d. Second, default is followed by permanent exclusion from credit markets.
Neither restriction is essential for the results developed in Sections 3 and 5. The calibrated quantitative

exercise in Section 6 relaxes both restrictions.*

*The first simplification makes the bond price depend only on the level of next-period debt, replacing conditional with
unconditional expectations in continuation values. The second simplification makes the autarky value depend only on
the current endowment, since exclusion from credit markets is permanent. Together, these two simplifications deliver a
closed-form expression for the autarky value as the present discounted value of utility from the endowment alone. The
analytical proofs in Section 3-Section 5 go through if the unconditional distribution of the endowment is replaced by its
conditional distribution and if the autarky value is replaced by the reentry-augmented expression introduced in Section 6;
only the notation becomes heavier, and Appendix B.1 writes out the resulting GEE explicitly. The calibrated quantitative
exercise in Section 6 uses a persistent AR(1) endowment process and stochastic reentry to credit markets, together with
the standard quadratic output penalty during default.



2.1 Environment and Decisions

There is a continuum of competitive, risk neutral lenders that discount future payoffs at rate p = 1%”
where r = R — 1 is the exogenous world risk-free interest rate.

The sovereign receives a stochastic endowment y € Y = [y, y] C R*+ which is i.i.d. with absolutely
continuous distribution function FY(y) and density f¥(y) > 0. Preferences are represented by a utility
function v : RT™" — R that is strongly concave, L-smooth, monotone, of class C* with strongly convex
and L-smooth first derivative. The sovereign discounts the future at rate § < p.°

The sovereign trades non-contingent long-term bonds in amounts b € B = [0,b]. Following
Hatchondo and Martinez (2009), each unit of outstanding debt pays a coupon of one each period
and a fraction \ € [0, 1) matures. We restrict to non-negative debt positions, in line with the quantita-
tive sovereign-default literature, where sovereigns are net debtors. The lower bound b = 0 is admissible
—corresponding to a debt-free initial condition and to the terminal buyback in finite-horizon economies
(Section 4)—but on the equilibrium path of the infinite-horizon problem, debt remains in the strictly
positive interior (Assumption 1).

To make the value function bounded, we impose loose upper bounds b on debt and € on feasible
consumption, both strictly larger than the present value of the maximum endowment Ry/(R — 1);
the value function is then bounded by V = u(¢)/(1 — ). These bounds are technical scaffolding for
the boundedness arguments below: they do not restrict equilibrium outcomes because no sovereign
can service debt exceeding the present value of its maximum endowment, so equilibrium debt and
consumption stay strictly below b and € respectively. We verify this ex-post in the calibrated quantitative
exercises in Section 6.

The sovereign can choose to default on its debt obligations. Imposing a Markovian structure in

which only payoff-relevant variables enter the state, the value function is

V(. b) = max {VR(y,b), VA(y) . e

where VR and VA denote the values of repayment and default (autarky), respectively. The value of

®L-smoothness guarantees an upper bound on the second derivative, whereas strong concavity/convexity guarantees a
strictly positive lower bound on the absolute value of the second derivative. The vast majority of quantitative studies in the
sovereign debt literature uses the CRRA utility u(c) = % with o > 0 which satisfies all the listed conditions provided
that consumption is bounded.



financial autarky is

VAy) = u(y) + B

where the second equality follows from the iid structure of the endowment process.

If the sovereign repays, it can issue new long-term debt. The value under repayment is

VR(y,b)= max {u (y —=b+gq(b) [0 —(1—=N)b]) + B/y V(y' b dFY}, (2)
b'€l(y,biq) y

where the feasible set is I'(y, b;q) = {b € B: 0 <y — b+ q(b)[b' — (1 — \)b] < €}. Here, q(b) is
the per-unit price of defaultable debt at total next-period debt b’. Because b, b’ > 0, both issuance and
repurchase of debt occur at this same price, and the budget constraint involves no second, risk-free price;
an environment that also allowed savings (b < 0 or b’ < 0) would require a distinct price for risk-free
transactions and is outside the scope of this paper. The i.i.d. assumption on endowments, together with
the restriction to Markovian equilibria, implies that prices depend only on total debt &', not on current
income.

The solution to this maximization problem defines the policy function b’ = h(y, b). We can then

define the default threshold as

d(b) = min {{y : VR(y.b) > VA)} U {7} }. (3)

That is, for each debt level b, either there exists an income level at which the sovereign is indifferent
between repayment and default, or no such point exists, in which case d(b) = y. Under the i.i.d.

endowment assumption, this threshold is independent of current income realisations.

2.2 Equilibrium and Price

Because lenders are risk neutral and competitive, bond prices satisfy a zero expected profit condition.

The price of one unit of debt issued at level b’ > 0 is therefore

y
no_ = . 7
9) = [ Uyngmpvnpn) [1+ 00 o8]

where b” = h(y’, b'), and T is the indicator function. This expression makes clear that the price depends

only on next period's debt b’. Using the default threshold d(b) and the policy function h(y, b), the



pricing equations can be written more compactly as

a(b) =5 [1= F(d(B)] +5 (1) /dfbf) q (h(y', b)) dF”. (4)

Because debt is long-term, debt repayment is spread over multiple periods, and bond prices incorporate
the sovereign's future actions. In particular, variation in prices driven by d(b’) reflects default risk, while
variation driven by h(y’, b’) captures dilution risk. Dilution refers to the fact that the sovereign cannot
commit not to borrow more in the future and, therefore, cannot commit to maintaining a given level of
default risk over time.

We can now define a Markov competitive equilibrium.

Definition 1. A Markov competitive equilibrium in this environment consists of policy functions for the

sovereign's debt issuance h(y, b) and default d(b), together with a bond price function q(b’), such that
1. Taking q(b') as given, the functions h(y, b) and d(b) solve the sovereign’s problem in (1)-(3).

2. The bond price q(b') satisfies (4), i.e., it correctly reflects default probabilities and yields zero

expected profits for lenders.

2.3 Kinks and Jumps

The bond price exhibits non-smoothness, which gives rise to kinks and discontinuities in the bond
policy function. To clarify their origin, it is useful to define two threshold levels. The default-risk limit,
b*, is the highest level of debt at which the sovereign does not default in the current period, even
at the lowest realization of the endowment. For debt levels below b*, the sovereign does not default
today, although future default remains possible, thereby diluting the value of outstanding debt. To
formalise this distinction, define the dilution-risk debt limit, b", as the highest level of debt such that the
sovereign neither defaults today nor at any future date under any sequence of endowment realizations.

By construction, b” < b*. The borrowing space can therefore be partitioned as
[0,b] = [0, b U (b, b*] U (b*, B],

where the first interval is free of both default and dilution risk, the second involves dilution risk but no
current default risk, and the third features both default and dilution risk.
The paper focuses on equilibria in which the sovereign enters the default-risk region with positive

probability; existence and uniqueness of such an equilibrium are established in Section 4. In such



equilibria, dilution risk is priced from the first unit of debt, implying that there is no dilution-risk-free
region, i.e.,, b" = 0.5 The debt price function g(b’) remains smooth at b" as no discrete change in
dilution risk should occur at that point.”

In contrast, at the default-risk threshold b’ = b*, the derivative qp(b’) exhibits a discrete downward
jump. This non-differentiability of the price function has implications for the optimal borrowing choice,
generating kinks and discontinuities (or jumps), even if the expected continuation values in (2) and (4)

are smooth in b’. The reason is that the sovereign’'s marginal utility with respect to b in (2),
uc(c) x |gp(b)(b' — (1 — N)b) + q(b') ],

inherits this discontinuity. At b*, the discrete drop in gp(b’) induces a corresponding jump in marginal
utility. Because the shift in g,(b’) is negative, the resulting change in marginal utility has the opposite
sign of (b — (1 — \)b).

At the default-risk limit b = b*, the implications depend on whether the sovereign is repurchasing or
issuing debt. When b'—(1—\)b < 0, the sovereign is repurchasing debt. In this case, the discrete decline
in gp(b') at b* induces a positive jump in marginal utility, which can generate a discontinuous increase
in the optimal choice of b’. The magnitude of this jump depends on . To build intuition, consider a
situation in which the optimal b’ approaches b* from below as b increases. While b’ — (1 —\)b < 0, the
sovereign is repurchasing part of its outstanding debt. At the point where the price schedule becomes
less favorable discretely, the sovereign has an incentive to sharply reduce repurchases, resulting in a
discrete upward jump in b'.

By contrast, when b’ — (1 — A\)b > 0, the sovereign is issuing new debt. In this region, the drop in
gp(b’) generates a negative discrete change in marginal utility, which can produce a kink and potentially
a flat segment at b* in the policy function. Intuitively, as inherited debt b rises, the sovereign restrains
further increases in b’ beyond b* to avoid the discrete deterioration in borrowing terms.

This non-differentiability hampers the characterisation of the equilibrium. As the preceding discus-
sion makes clear, it arises even in the benign case in which the continuation values in the functional

equations are smooth.2 In what follows, we dispense with points of non-differentiability in the bond

®In the alternative “saving” equilibrium of Aguiar and Amador (2020), in which the sovereign never enters the risky
region, b” = b™ and dilution risk is not priced at any debt level.

7If we were to allow for savings, since b’ < 0 is priced at the risk-free rate 1/(r + \), the function g(b’) would not only
be non-differentiable but also discontinuous at the threshold b’ = b"(= 0).

8The situation in general may become worse since the kinks can propagate and render continuation values non smooth
(see, e.g., Iskhakov et al. (2017)).



price. In Section 3, we introduce utility shocks that eliminate the threshold b*.

3 The Model with Extreme Value Shocks

We introduce extreme value taste shocks (hereafter “taste shocks”) to the values of repayment and
default. Specifically, after the realization of the endowment y, the sovereign receives additive utility
shocks € = (eR, eA) to the value of repayment and default, respectively. These shocks are assumed to
be i.i.d. Type | Extreme Value (Gumbel). The shocks are normalised so that the expected value of the
maximum is zero. This is achieved by setting the location parameter to —a(+y + In2), where v ~ 0.57
is the Euler-Mascheroni constant and @ > 0 is the scale parameter.® The beginning-of-period value is

then
V(y, b, €) = max { VR(y, b) + R, VA(y) + eA}.

Under this specification, the ex-post probability of repayment, ¢(y, b), takes the logit form

eVily.b)/a
¢(y' b) = eVR(y,b)/Oé -+ eVA(Y)/a '

This formulation replaces the discrete default decision with a continuous probability. As a result, the
default threshold b* is eliminated, removing the source of non-differentiability in the bond price described
in Section 2.3.

Letting FY and F. denote the probability measures over endowments and shocks, respectively, define

the expected value function
Gy, b) = /V(y, b,¢) dF. = aln (eV"’(%Wa n eVA(Wa) —aln(2).

The additive constant —a/In2 (together with the Euler—-Mascheroni constant absorbed into the location
parameter above) does not depend on the borrowing choice, so it drops out of the first-order conditions
and hence of the generalized Euler equation and of all the price and value derivatives. To lighten the
notation, we therefore suppress it in the inclusive values that appear in the computational formulation of
Section 6 and in Appendix B, writing G and the continuation value W as plain log-sum-exp expressions.

Moreover, we havel®

¢(y, b) = Gr(y, b),

9This choice of mean ensures that the option to default does not yield any ex-ante utility or disutility.
T his is true for a more general class of taste shocks than Gumbel. See Rust (1988).

10



where Gr = 0G/OVFR denotes the derivative of the log-sum-exp form of G with respect to VR. In
addition, define the ex-ante repayment probability x(b) = fy o(y, b) dFY, and the expected continuation
value in repayment W(b) = fy G(y, b) dFY. The value functions under repayment and autarky remain

as in Section 2. Finally, given the repayment probability, the bond price for b’ is
y
a(t) = () + 51 ) [ oy, 8) a(hly', ) dF. (5)
Y

As the scale parameter o decreases towards low values, the model derived in this section converges

to the one posed in Section 2.

Proposition 1 (Vanishing Taste Shocks). Asa — 0, the decision problem converges to the one presented

in Section 2.

Moreover, the size of the scale parameter « is critical in ensuring strong concavity of the objective
function and convexity of the budget set.!! When a — 0, the repayment probability becomes degenerate,
recovering the discrete default decision studied in Section 2. At the other extreme, as a — oo, the
repayment probability converges to 1/2 for all states. In this case, the objective function directly inherits

the properties of the instantaneous utility function and the budget set becomes convex.

Proposition 2 (Budget Set and Objective Function). For sufficiently large «, the objective function is
strongly concave and L-smooth, the marginal objective is strongly convex in b’ and Lipschitz, and the

budget set is convex.

As a consequence, when « is sufficiently large, the bond policy function is uniquely defined and, by
Berge's Maximum Theorem, continuous. L-smoothness provides an upper bound on the Hessian, while
strong concavity/convexity ensures a strictly positive lower bound on the Hessian—properties that are

instrumental in establishing Propositions 4 and 6.

4 The Limit of Finite Horizon Economies

We turn to characterising the sovereign's problem under a finite horizon (Section 4.1) and then study
the limit as the horizon tends to infinity (Section 4.2). This will reward us with two results: existence
and uniqueness of equilibrium, provided that « is sufficiently large. Given the subtlety of the argument,

we proceed in steps, isolating the role of each assumption.

See also the discussion in Iskhakov et al. (2017).

11



4.1 Decision under Finite Horizon

Consider an environment as in Section 3, except that the sovereign and competitive lenders trade
long-term debt for a finite number of periods, T < co. We make two additional assumptions.
First, we focus throughout on equilibria in which the sovereign’s debt policy is interior, in the sense

that the borrower never chooses to fully de-lever before the terminal date.

Assumption 1 (Interior Debt Policy). For all (y, b) and all t < T, the equilibrium debt policy satisfies

This is an equilibrium-selection device rather than a restriction on primitives. It rules out cases in
which the sovereign optimally chooses the corner b’ = 0 in some state (y, b) at some t < T. Two remarks
are in order. (i) Under Assumption 1, the Generalized Euler Equation derived in Section 5 characterizes
optimality as an equality on Y x B; absent the assumption, the same first-order condition holds as a KKT
condition with a non-negative multiplier on the constraint b’ > 0, equal to zero whenever h:(y, b) > 0.
(ii) Strict positivity of h; at the optimum is precisely what allows the implicit function theorem to deliver
smoothness of h; and g; (Propositions 5 and 6); the assumption is therefore a regularity property of the
equilibrium under study, of the same nature as our requirement in Proposition 4 that a be sufficiently
large to ensure a unique maximizer. In the calibrated borrowing-type equilibria of Section 6, this property
is verified numerically state by state.

Second, in period T, there is no new issuance of bonds, and the borrower repurchases the entire

stock of outstanding debt at the equilibrium price consistent with zero future debt.

Assumption 2 (Terminal Period). In Period T, given state (y, b), consumption is

1- A
SV PRI St N
cr(y.b) =y [+1+2r+)\]b

At T, the sovereign repurchases all outstanding debt by choosing bri1; = 0 at the price of the
marginal unit of debt g7 (br41) = 1/(1 + 2r + A) that is consistent with indifference between repaying
or not in the future.!? This assumption preserves the long-term maturity structure for all t < T. By

contrast, if instead c7(y, b) = y — b, then debt issued in T — 1 would effectively be one-period debt,

"?The price 175 is the unique fixed point of § = 3p[1 + (1 — A)g], corresponding to the long-term bond price when
the repayment probability is 1/2 at every future date. This is the self-consistent price at zero debt under extreme value
shocks, since VR, 1(y,0) = V£,,(y) implies ¢711(y,0) = 1/2. In contrast, the dilution risk-free price w% would assume
sure repayment, which is inconsistent with the taste shock model. This choice also ensures that the bond price is continuous

from the right at b’ = 0, eliminating the discontinuity that would arise under ﬁ
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implying that the maturity would vary mechanically with the distance to the terminal date 7. Given

this, in period T, the beginning-of-period value is
Vr(y, b, €) = max {u(cr(y, b)) + R, u(y) + eA}.

The borrower does not necessarily default on all its debt; it depends on the realisation of (eR, eA). In
period T — 1, the value of repayment is

VRl b) =, max { = b ara(®) [6 = @-N6])+5 [ [ Vr(y' ) ar(e) dFy(y’)},
y.b;qt y €

and the value of autarky is

Vi) =u) 5 [ VAP W)

where VA(y') = u(y’) and [ Vr(y, b, €)dF(¢') = aln(eVT0b) 4 V7)) — ¢In(2). These values

extend recursively for all t < T — 1. For t < T, the bond price satisfies
y
qr(b') = f?/ ber1(y’ D)1+ (1 = N)Gera(hesa(y', B))dFY(y'), b €B.
y

The time subscript reflects the dependence of the repayment probability on t. Under Assumption 2,
however, the maturity structure is invariant across time. In period T — 1, the bond price satisfies
ar1(8) =5 [ 10/ B+ (1~ N AP O = xr )y
T ke 1+2r+ A T2
where x7(b') = f;_' o1(y’, b')dFY(y'). Because the borrower repurchases all outstanding debt at the
zero-debt equilibrium price ﬁ and issues no new debt in period T when not defaulting, the con-
tinuation price is pinned down by the terminal condition. Finally, as " — 0, we have xr(b') — 1/2,
implying g7_1(0) = ﬁ confirming that the bond price is continuous at zero.
By comparing bond prices, policy functions and value functions across periods, we identify properties

linking objects at generic dates t and t+ 1. These properties will allow us to establish that the sequences

of policies, value functions, and prices converge to a unique limit. The next section develops these results.
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4.2 Monotonicity and Limit of Finite Horizon

To establish existence and uniqueness of the limit of the decision problem as T — 0o, we first show
that the main value functions are monotone over y, b and t. To this end, define the repayment surplus

Se(y. b) = V& (y. b) = VA(y).

and of expected continuation surplus

y y
Zy(b) = / / max {St(y, b) + R — A, 0} dF.dF’ = / aln (1 + est(y'b)/“> dFY.
y Je Y

The last equality comes from the fact that the difference of two Gumbel-distributed random variables
follows a logistic distribution. The expected positive part of a logistic variable shifted by S:(y, b)

corresponds to the softplus function evaluated at S¢(y, b).
Proposition 3 (Monotonicity). In the above environment with T < oo,
1. Values and Decision Rules across States For all t,

1.1 VR(y, b) is strictly increasing in y and strictly decreasing in b.

1.2 Wq(b) is non-increasing in b.

1.3 xt(b) is non-increasing in b.

1.4 If g;(b') is non-increasing in b', h¢(y, b) is non-increasing in y and non-decreasing in b.
2. Debt Prices across States: For all t, g:(b) is non-increasing in b.

3. Values and Default over Time: For all t < T and all (y, b),

3.1 St(y,b) > St+1(y. b).
3.2 Zu(b) > Zes1(b).

3.3 xt(b) > xe+1(b).

The first two parts establish monotonicity of the repayment value in (y, b), as well as of the continua-
tion value, repayment probability, and bond price in b for a given t. The proofs follow standard arguments.

However, no general monotonicity result can be established for consumption. First, h(y, b) — (1 — )b
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may be either positive (debt accumulation) or negative (debt buyback). Second, the budget set need
not be convex when « is not large enough.

The third part shows that, for a given state (y, b), the repayment surplus and continuation surplus
are weakly higher, and the default probability is weakly lower, the earlier is the period.!® These results
follow from a natural horizon argument: the sovereign cannot be worse off with a longer horizon, as it
can always replicate the consumption plan of its future self. Assumption 2 is critical, as it ensures that
average maturity remains constant over time, making such replication feasible.*

In contrast, no monotonicity result in t can be established for consumption, bond prices, or borrowing
policies. Although default risk at a given (y, b) decreases with the horizon, bond prices need not increase
due to dilution effects. Moreover, even if bond prices were monotone, borrowing policies h; need not
be, as optimal borrowing may increase or decrease in response to price changes. Since neither prices nor
borrowing are monotone in t, consumption need not be monotone either.

Building on the monotonicity of the surplus S;(y, b) in t, the next proposition establishes existence
and uniqueness of the equilibrium as the limit of equilibria in finite-horizon economies. The argument
revolves around the joint convergence of the sequences of repayment surplus, bond policy and bond
price. We focus on equilibria that arise as limits of finite-horizon problems under the assumptions that «
is sufficiently large and that the repayment surplus S;(y, b) is monotone in t. Proposition 4 establishes
uniqueness within this class of equilibria; it does not assert uniqueness of all Markov equilibria in the

infinite-horizon model.
Proposition 4 (Existence and Uniqueness). Assume « is sufficiently large and S(y, b) > S¢+1(y, b) for
all t < T and let {S;, h:, q+}2, denote the sequence generated by the recursive system:

Se(y. b) = b’ep(])?,)é;qt) {u(y — b+ qi(B)[B — (1= N)b]) — u(y) + ,6’/04 In (1 + est“(y/'b/)/a) dFy(y’)} :

ht(y, b) = arg max {u(y — b+ qi(b)[B — (L= N\)b]) — u(y) + B/oz In <1 + est“(y/'b/)/a) dFy(y’)} ,
b’ el(y,biqr)

q:(b') = ﬁ/qu(y’, b') [14 (1 = N)ger1(hega(y', 0)] dFY(y"),

Blt can be shown that V¥(y,b) > V& (y,b) and VA(y) > VAi(y) for all t < T and all (y, b) under the additional
assumption that u(c) > 0 where ¢ is the lowest level of consumption achieved in equilibrium by adding a suitable large
positive constant to the utility function.

14Suppose that Assumption 2 does not hold and the borrower only repays b in T. This implies that the debt issued
in T — 1 is one-period. If there is no default risk whatsoever, gr_1(b) = p and g:(b) = ger1(b) + (B(1 — X)) ! for
t < T — 1. This implies that g:(b) > g:11(b) for all t < T which can hinder the borrower to replicate buybacks operated
by its future self under no default. This further prevents us to show monotonicity of the repayment surplus.
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where ¢.(y', b') = 5" :B0/a /(1 4 50" B)/@) " Then the sequences S;, h:, and q; converge uniformly
to S, h>°, and g*°, respectively. The limit tuple (S°°, h°°, q°°) satisfies the associated fixed point

system.

The proposition establishes that the sequence {(S¢, ht, g¢)} converges uniformly to a fixed point
(5°°, h*°, ¢*°). The main difficulty in proving this result is that g; is neither monotone in t nor inde-
pendent of (S, hy). If g were monotone in t, convergence would follow directly from the contraction
property of the repayment problem for a given price sequence. If g; were independent of h;, convergence
would follow from the monotonicity of S; in t. Since neither condition holds, the proof proceeds by
analyzing the entire recursive system (S;, ht, g:). We first show that S; converges uniformly to S
by monotonicity in t. We then establish uniqueness of the limiting price function g°, which in turn
pins down h*° uniquely by strong concavity of the objective. Uniform boundedness and equicontinuity
of {g:} imply, via the Arzela-Ascoli theorem, that every subsequence admits a uniformly convergent
subsequence, and uniqueness of the fixed point limit implies the full sequence converges uniformly to
g*°. Uniform convergence of the bond policy sequence h; — h* follows immediately from continuity of
the bond policy operator via Berge's maximum theorem.

The proof relies on uniform boundedness and equicontinuity of the bond price as well as on Berge's
maximum theorem under unique maximizer. To guarantee this, o needs to be sufficiently large. This
enables us to show that the objective function inherits the properties of the instantaneous utility func-
tion (see Proposition 2). Particularly strong concavity and L-smoothness are needed to show uniform
boundedness and equicontinuity of h; and g; including their derivatives. Moreover, a large enough «
convexifies the maximization problem guaranteeing a unique maximizer.

Our argument provides a selection mechanism that uniquely identifies the equilibrium (5°°, h*°, ¢*°)
as the limit of the recursive sequence {(S;, ht, g+)}. In this sense, although global uniqueness of fixed
points of the recursive system is not guaranteed, we obtain uniqueness of the selected equilibrium
through convergent limits. The sequence {(St, ht, g¢)} identifies a unique and economically meaningful
limit which corresponds to the limit of finite horizon economies. This unique equilibrium is a Markov
equilibrium consistent with Definition 1. In other words, we rule out Markov-like equilibria that could be
sustained by means of trigger strategies. Such equilibria can exist but do not correspond to the limit of
finite-horizon economies.

It is useful to relate Proposition 4 to the multiplicity result of Aguiar and Amador (2020). They show
that the long-term debt model admits two qualitatively distinct equilibria: a borrowing equilibrium, in

which the sovereign enters the risky region with positive probability, and a saving equilibrium, in which
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the sovereign de-levers until default occurs with zero probability. Which of the two arises as the limit
of finite-horizon economies depends on parameters — notably the maturity rate A and the degree of
impatience. Proposition 4 does not contradict this. Our claim is that, for any fixed primitives, the limit
of finite-horizon equilibria is unique and corresponds to one of these two types — the type being itself a
function of the primitives, not a free choice. The substantive content of our uniqueness result is therefore
not the selection of borrowing versus saving (which is determined by primitives), but the exclusion of
Markov-like equilibria sustained by trigger strategies in the sense of Krusell and Smith (2003), in which
players coordinate on the history of past play even though the current state is fully payoff-relevant.
Footnote 20 of Aguiar and Amador (2020), which warns that the finite-horizon limit cannot be used
to consistently select a type of equilibrium, refers to the borrowing-vs-saving distinction; it does not
preclude the use of the limit to select among Markov equilibria of a given type, which is the role played
by our argument here. In the calibrated economies of Section 6 the equilibrium is of the borrowing type,

satisfies Assumption 1, and is uniquely identified by the convergent sequence {(S:, ht, qt)}-

5 The Generalized Euler Equation

Having shown existence and uniqueness, we now characterize the decision problem through the
Generalized Euler Equation (GEE), that is the Euler equation which includes the derivative of bond

prices, and through them the derivatives of future actions with respect to current actions.

5.1 Obtaining the Generalized Euler Equation

The GEE provides an important analytical tool to characterize the decision of the sovereign in cases
where default occurs (in economies where there is no default the standard Euler equation applies). How-
ever, its derivation requires the bond price g(b), the bond policy h(y, b), and the repayment probability
o(y, b) to be differentiable in b. At this stage, we proceed by assuming that they are indeed differentiable
and we will turn to prove it below in Section 5.2.

Besides differentiability, the statement that the GEE is a sufficient condition for optimality requires
the decision problem to be convex. As shown in Proposition 2, this is only true when « is large enough.
Without convexity, the first-order conditions are necessary but not sufficient. Concretely, there might be
multiple local maxima in the GEE which complicates the use of such an analytical tool to characterize
the equilibrium outcome. Hence, we assume that the scale parameter « is sufficiently large to ensure
convexity of the problem. We discuss this assumption in Section 5.2. If the scale parameter « is not
sufficiently large to ensure convexity the GEE still exists but will typically have more than one solution

only one of which will be the global optimum. The GEE can still be used to characterize (and compute)
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the solution but we also have to keep track of the implied values to find out which of the solutions yields
the global maximum.
Given that « is large enough and the differentiability of g(b), h(y, b) and ¢(y, b), we can take the

first-order condition of Equation (2) with respect to b/,

ue(Cly. b.51a)) [a(b) + as(b) (5 = (1 = W)b)| =

8 [ 00/, 0elC. KO H)la) [+ (1) q(hly 6))] 0P
where C(y, b, b'|q) = y—b+q(b")(b'—(1—\)b) corresponds to consumption today and C(y’, b, h(y’, b')|q)
to consumption tomorrow. This notation makes explicit the functional dependencies. In addition, gp(b’)
is the derivative of the bond price with respect to b’. The left-hand side of the above expression rep-
resents the marginal benefit of one additional unit of debt while the right-hand side corresponds to
the marginal cost. The marginal benefit is the consumption gain from marginal borrowing taking into
account the impact it has on the price of the debt. The marginal cost of an additional unit of borrowing
is the expected marginal utility loss of paying the coupon and rolling over unmatured debt at tomorrow'’s
price in repayment states.

For a given state (y, b) and borrowing b/, the first-order condition contains the functions ¢, h, g and
gp. Since we seek a GEE that involves decision rules only, and not equilibrium price functions, one step
is the substitution of the price derivative q,. Taking the first derivative of the price of debt as described

in Equation (5) gives

au6) =21~ 3) [ 00 s [, )] . ) P (©)

y
48 [ only B [L+ (1) qhly, )] dF.
y

where hy(y’, b') and ¢p(y’, b’) denote the first derivative of the bond policy and the repayment probability,
respectively. The first term with the integral is the dilution risk, while the second term gives the loss of
value per unit of debt weighted by the marginal probability of default. The dilution term of the price
derivative is therefore itself represented by the future price derivatives qp(h(y’, b')). In fact, we can use
the value of g, implied by the first-order condition to get an expression that does not depend on future

derivatives. Inverting the first-order condition, in an equilibrium where b’ = h(y, b), we can write the
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price derivatives as gp(h(y, b)) = B(y, b|h, ¢, q) where B is a known expression given by

Bfg o(y' h(y, b)) uc(c’) [1+ (1 —A)q(h(y’, h(y, b)))] dF” — uc(c)q(h(y. b))
Bly. blh.9.9) = 0o (. B) — (1 W '

with ¢ = C(y, b, h(y, b)|q) and ¢’ = C[y’, h(y, b), h(y', h(y. b))|q].*®
Since the present self assumes equilibrium in future, the future derivatives can analogously be ex-
pressed so that qp(h(y’, b')) = B(y’, b'|h, ¢, q), and the current price derivative, as a function of b/,
becomes
y

ab(b) = P(1 — ) / o' B) BU B, 6. q) hs(y', b)) dFY

Y

P / " on(y/, B) [1+ (L= ) a(h(y', b))] dF”.
y

Combining the above expressions gives the GEE. Formally,

uc(c) [q(b’) +(b' = (1= A)b) {P(l - ) /y o(y'. b') B(y' . b'|h, &, q) ho(y', b') dF”
y
+p/y¢b(y’, b') [1+ (1= A) q(h(y’. b))] dFy}]
Z p—
= ﬁ/y oy b') ue(c’) [L+ (1= N) g(h(y', b'))] dFY. (GEE)
y

with ¢ =C(y, b, h(y, b)lq) and ¢’ = Cly’, h(y, b), h(y’, h(y, b))|q].

The (GEE) still contains the price function q. Yet Equation (5) fully characterizes that price function
q for given decision rules ¢ and h. Note then how substituting g from (GEE) yields a formula that is
only a function of current and future decision rules without any need of involving markets. It is then
a characterization that only involves the game against future selves, albeit all future decision rules, so
using the pricing function g provides a convenient way to simplify notation. The GEE thus highlights
that borrowing decisions internalize both default risk and dilution through price derivatives, providing a
transparent decomposition of the forces shaping the sovereign’s choice.

Under Assumption 1, the equilibrium debt policy is strictly positive, h:(y, b) > 0, so the GEE

®The expression B has h(y, b) — (1 — A)b in the denominator, which is zero when the sovereign exactly rolls over for
some boundary value of y (b’ = (1 — \)b). Since the price derivative becomes irrelevant for the optimality condition in this
case, the numerator also becomes zero and so does B.
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characterizes the optimum as an equality at every (y,b). The choice set itself remains the closed
interval B = [0, b]; strict positivity is a property of the selected equilibrium, not of the feasibility set. If
we considered non-interior borrowing choice b’ = 0, then the GEE would hold as a weak inequality. Since
we consider environments in which the borrower enters the risky region (b' such that default occurs with
positive probability), the optimal borrowing solves the full (GEE) with both dilution and default risk. If
we considered cases in which the borrower remains in the risk-free region, the dilution and default terms

would vanish and the GEE would reduce to the standard Euler equation
y
uc(c) q(b') = 5/ uc(c) [L+ (1= A) q(h(y’, )] dF?, (EE)
y

with ¢ = C(y, b, h(y, b)|q) and ¢’ = C[y", h(y, b), h(y", h(y, b))|q].*°
5.2 Convexity and Differentiability

The use of the GEE as a sufficient condition to characterize optimality critically depends on two
elements: the convexity of the decision problem and the differentiability of q, ¢ and h.

The first-order conditions are necessary and sufficient for a maximum under a concave objective
function and a convex budget set. The introduction of extreme value shocks addresses this issue as
it allows agents to randomize over decisions. In each b € B, there is always a positive probability
that the default option is chosen. Such probability distribution can convexify the decision problem.
Nevertheless, the mere introduction of randomization is usually not sufficient and one needs to ensure
that randomization is intense enough as shown in Proposition 2.

Regarding differentiability, as already said in Section 2.3, in general there may be two forms of
discontinuity: kinks and jumps. Kinks would not represent an issue as integration over kinks preserve
not only continuity but also differentiability. In contrast, jump discontinuities would be problematic as
the integral is continuous but not differentiable at this point. We got rid of potential jumps at b* with
the continuous repayment probability obtained with extreme value shocks.

With long-term debt, the bond price depends on the optimal policy h, so differentiability of the bond

price has to be established recursively through the finite horizon problem presented in Section 4.

8As discussed in Section 2.3, without extreme value shocks, there may be three regions given the threshold values b
and b*. In points such that b’ € [0, b'], the optimal borrowing is the solution to the EE. In points such that b’ € (b, b*],
the optimal borrowing is the solution to the GEE with dilution risk and without default risk. Finally, in points such that
b" > b*, the optimal borrowing is the solution to the GEE with both dilution and default risk. There is a further corner
solution at b" = b* where the GEE is not satisfied.
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Proposition 5 (Smoothness). If Assumption 1 holds, i.e. hi(y, b) > 0 for all (y,b) and t < T, ¢+, h;

and q; are of class C*™ forall t < T.

The proposition relies on an inductive argument. At time T, the bond policy function only depends
on the logit repayment probability. Hence, it is obviously of class C*°. Given this, at time T — 1 we can
show that the GEE is itself of class C*°. By application of the implicit function theorem, the bond policy
at T — 1 inherits the properties of the GEE. Given this, g7_» is also of class C*°. We then repeat this
argument backward until t = 0.

The fact that we rely on C* is crucial as the proof works recursively through the finite horizon
problem. If for some 0 < t < T, the bond policy function h; were of class C¥ for k < oo, then hy_;
would be of class C¥~! since the GEE at time t — 1 depends on hp ; which is of class C<~1. Hence,
if k < 0o, one loses one degree of differentiability for each iteration. This could eventually prevent to
show that ¢, h and g are differentiable.

Once the differentiability of ¢, h and g has been established, we need to show that the derivatives

converge to the appropriate policies.

Proposition 6 (Limiting Derivatives). Let {hy+} and {qp+} denote the sequence of derivatives of {h;}
and {q:}, respectively. Under Assumption 1, hy — h°° uniformly on Y x B and q: — q°° uniformly on
Y X B and large enough «, it holds that hy, ; — %hoo uniformly on Y x B and qp + — %qoo uniformly
onY x B.

For the derivative of the bond policy, we rely on the implicit function theorem stating that this
derivative is a function of the second derivatives of the objective function. The convergence argument
builds on the fact that the objective function's second and third derivatives are bounded given the
assumption of strong concavity and L-smoothness. This enables us to show equicontinuity and apply
the Arzela-Ascoli theorem which ensures existence of a convergent subsequence. The full sequence
convergence then follows from the fact that h; is differentiable and converges uniformly. For the bond

price, we use the same argument since the derivatives of g; are bounded for all t when « is large enough.

6 Computation

We now demonstrate the computational advantages of the GEE characterization developed in the
previous sections. We apply our methods to a fully calibrated version of the model following Chatterjee
and Eyigungor (2012), incorporating persistent income, long-term debt with coupon payments, stochastic

market re-entry, and output penalties upon default. The calibrated application already exercises two
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natural extensions of the baseline — stochastic re-entry from default via the probability £ and a non-
i.i.d. AR(1) endowment — and a third, a positive recovery rate n € [0, 1], is treated analytically in
Appendix B.3, where the GEE extends with a modified pricing coefficient and, when the recovery is
financed by the defaulter (an exogenous-size partial default), an additive term.

The main text compares three solution methods. First, the discrete-state value function iteration
(VFI) that solves the sovereign's problem by discretizing both the state and action spaces, transforming
the problem into one of finite dimension, and iterating backward from the terminal period to the present.
It is very robust but accuracy requires a large number of debt-choice points to avoid solutions being
driven by grid rounding rather than by maximization. Second, policy function iteration (PI) that exploits
the GEE that we have derived here. It approximates the policy function with a low-order Chebyshev basis
and uses bisection to solve for the optimal borrowing choice. Third, we use the endogenous grid method
(EGM) to exploit the GEE taking advantage that the consumption choice as function of borrowing has a
closed-form solution when risk aversion is 2. A fourth method, that approximates the value function (and

iterates on it) using Chebyshev interpolation, is described and benchmarked separately in Appendix C.17

6.1 Model and Calibration

Denote by FY (y'|y) the conditional distribution function of y’ given y, by £ € [0, 1] the re-entry

probability, and by ¢ (y) the endowment loss upon default. The value under financial autarky is
VAY) = uly =]+ 5/yy [(1 =& VA )+ VR(Y, 0)} dF ('ly) -
The value under repayment is
VR (y, b) = max ufy —[A+ (1= A)2]b+q(y o) [b' = (1= X)b]} + BW (y, ).

The inclusive continuation value is

w(y.0)= [ s [exp (‘/R(gb)> texp (VAOE”” dFY (y'ly) .

Yy

"There are other approaches in the literature. Jang and Lee (2024) use the Endogenous Grid Method for a sovereign
default problem with short-term debt, implicitly assuming differentiability. Kiiashko and Maliar (2021) in independent
work use the Endogenous Grid Method with long-term debt, adding an i.i.d. normal shock to the value of default and
computing numerically the derivatives of both the value function and the pricing function. The numerical computation of
the derivatives avoids using the information that our characterization of the GEE provides. See Mihalache (2025) for a
recent survey of computational methods for sovereign default models, which include extending the use of Extreme Value
Shocks to also characterize intensive-margin borrowing choices.

22



The repayment probability is

exp (VR (y, b) /)
exp (VR (y, b) /o) +exp(VA(y) /a)

¢(y,b) =

Given this repayment probability, the price of one unit of long-term debt is
y
q(y.b) = p/ oy ) A+ A=Nz+1=Nq (Y h(Y b)) dF (¥'y),
Y
where p =1/ (1 + r). The dependence of the bond price on current income y comes from the persistence
of the income process.
Relative to the abstract environment of Section 2, the calibrated model carries an explicit coupon
z; the budget term [A + (1 — A)z]b reduces to b under the normalization z = 1 used in earlier sections
(without loss of generality by rescaling debt by [A 4 (1 — \)z]).
We adopt the calibration strategy and details of Chatterjee and Eyigungor (2012). Utility is CRRA,

Cl—a

l1—0

u(c)=(1-5)
The output penalty upon default is
e(y) = max{O, doy + d1y2} )

The endowment process is

logy: = plogye1+ur,  ur~N(0,07).

Chatterjee and Eyigungor (2012) use the mean and standard deviation of spreads and the debt-to-output
ratio as calibration targets, and the discount rate and the linear and quadratic default cost coefficients
as parameters. We add the correlation between spreads and output as an additional target and the scale
of the extreme-value shocks, «, as an additional parameter. We use the Pl method to implement the
calibration minimizing the distance between model-generated and target moments. Table 1 reports the

parameter values.
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Table 1: Parameter values.

Parameter Value Description

Panel A. Set ex ante (following Chatterjee and Eyigungor (2012)).

o 2 Risk aversion

r 0.01 Risk-free return

A 0.05 Reciprocal of average maturity

z 0.03 Coupon payments

I3 0.0385 Probability of reentry

p 0.948503 Autocorrelation of log y

oy 0.027092 Standard deviation of u
Panel B. Calibrated internally.

I} 0.962 Discount factor

do -0.1606 Default cost parameter (linear)

di 0.2365 Default cost parameter (quadratic)

@ 0.0039 Scale of extreme-value taste shocks

6.2 Methods

The solution method commonly referred to as value function iteration (VFI) uses the following set

of functional equations:

h(y, b) = argmba/\x{u (y —-A+@-=XN)z]b+ q(y, b’) [b’ —(1-2X) b]) + /W (y, b’)}, (7)
VR(y.b)=u(y —[A\+ (1 =X zlb+q(y. h(y. b)) [h(y.b) — (L= X\) b]) + BW (y, h(y. b)), (8)
2 R (., W A
W (y, b) =/ alog [exp (V(;/b)) +exp (\/ng)ﬂ dF (v'ly) . (9
q(y.b) = P/y¢> ) A+@=Nz+@=Nq (' h(y b)) dF” (¥'ly), (10)
y

exp (VR (v, b) /a)
exp (VR (y,b) /a) +exp(VA(y) /a)

¢ (y, b) =

The left hand side of this system is the set of unknown functions {h, VR w, q, (;5}.
Methods described as policy function iteration (Pl and EGM) use first-order conditions, which in
our case imply the GEE. They do not require discretizing the choice set. These methods use Equa-

tions (8) to (11), replace Equation (7) by the GEE in Equation (12), and add derivative equations for
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the continuation and pricing objects:

0=uc(c(y, b h(y,b))la(y. h(y. b))+ qs(y,h(y, b)) [h(y.b) — (L= A) bl + BW, (v, h(y, b)),
(12)

W, (y, b’) = —/ 1) (y’, b’) U (c (y’, b, h (y’, b’))) [/\ +(1-Nz+(1-XNg (y’, h (y', b’))] dFY (y/\y) ,

a (v, b)) =P [ o6 (Y b)) A+@=Nz+(1=N)aqg(y h(y b))]dF¥ (¥'ly)

203 [ 00/ e (oh (0 8)) b (1. 8) P (V). (13)
y

06 (7,5) =~ e (€ (7. by By D) A+ (L= N2+ (L= V) g, h (D] 6 (D) 1= 6 (v, ),

where

c(y,bb)=y—A+@=Nzlb+q(yb) [t —(@1-N)b].

There are four additional unknowns, {qp, W, ¢p, hp}, bringing the total to nine (h, VR W, q, ¢
from the VFI block, plus the four derivatives). The four equations above for the GEE, W}, g5, and
¢p close all but one: the system does not pin down hy directly. In the Pl implementation we therefore
do not solve for h, from an analytical equation. Instead, the GEE is solved pointwise by root-finding
for a raw policy on the fixed debt grid. Finite-differencing this raw policy directly proved unstable on
finer grids, so we project it row by row in income onto a Chebyshev basis in b and read h;, off as the
derivative of the projected policy. The projection serves two roles: it supplies the missing hy, and it
damps the local root-finding irregularities on fine debt grids that would otherwise be amplified through
the price-derivative Equation (13). The EGM implementation needs no such step: as described below,
the endogenous-grid construction already interpolates the policy back onto the fixed debt grid to recover
h(y,b), and hy is obtained by finite-differencing that interpolated policy — the very interpolation the
method performs anyway, with no additional smoothing.

The monotonicity of the borrowing policy ' = h(y, b) implies that h is invertible in b, so that
there exists a function b = g (y, b’). This provides the theoretical basis for using the Endogenous Grid
Method. In general, solving the GEE (Equation (12)) for b' requires a numerical solver. However, in

the case of CRRA utility with 0 = 2, consumption can be obtained as the solution to a second-order
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polynomial.1®

This closed-form solution for consumption as a function of (y, b’) is what enables the endogenous
grid method to avoid root-finding entirely.

We now provide detailed pseudocode for the three main-text methods we compare: discrete-state
VFI, Pl with GEE, and EGM with GEE. The fourth method, VFI with Chebyshev interpolation, is
presented in Appendix C. All methods iterate backward through a finite-horizon version of the problem
until convergence to the infinite-horizon solution, checking the sup-norm of successive iterates of prices

and values.

Algorithm 1: Discrete State Space Value Function Iteration. The discrete state space VFI method
solves the Bellman system directly on a finite tensor grid. Let Y = {y1,...,yn, } denote the income
grid and B = {b1, ..., by, } denote the debt grid. The same grid B is used for inherited debt and for

next-period debt choices. Let 7, denote the probability of moving from current income y; to next-period

8Using the budget constraint to solve for current debt b gives

b y+aq(y )b —c
A A -Nz+1-Naq(y.b)

Substituting this expression into the GEE and rearranging yields

g5 (v, b) (1 =) c
A+(1=Nz+(1-=XNgq(y, b)

+(1-5) {q (v, b) + a5 (v, ) ' = (1 =N aw (v, b') | Ta 7y/\;rzq£y('1bf) i) a0 b,)] } =0.

BWs (v, b') ¢ + (1 - B)

This is a quadratic equation for c. The solution is given by
_ —ax* /a3 —4aa

- 231 '
a = BWb (y, b,) <0,

B ab (v, b') (1 = )
az—(1—5)/\+(17b)\)z+(17/\)¢7(yvb/)

<0,

a=(1-p) {q (0 6) +as (. B) b = (=N as (v, ) | 575 _yA)+qu£y(,1b_) i) 70 b,)] } >0.

Note there are possibly two roots to this equation; however, we know it is optimal to choose the highest level of ¢, and
given that /a3 — 4a1a3 > a, and a1 < 0, the solution must be

—ay — /a3 — 4aia3

231

c =
Note that az > 0 in the calibrated equilibrium is verified state by state on the validation grid; together with a; < 0 this

ensures the discriminant a3 — 4a;as > 0 and that the larger root corresponds to the positive-consumption solution; see the
diagnostic logged by the egm routine in the replication package.
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income y;. Given a price schedule g, define

c(yj,b,-,bi;q) :yj—[)\—i-(l—)\)z]b,-—i-q(yj,b;() [b;(—(l—)\)b,-].

Step 1. Initialize. Set n = 0. Choose initial guesses for (@ (y, b'), W© (y, b'), VRO (y, b), and VA©) (y) on
the grid. Construct

exp (VR’(O) (v, bi) /0‘>
exp (VRO (y;, b) /o) + exp (VA©O) (y)) /)

¢ (. br) =
Step 2. Maximize over the discrete choice set. For each (y;, b;), choose

R(nr+1) (vj, bi) € arg mg?g {u (C (er bi, by; q(”))> + BW(H) 72 bl)} ,

treating choices with non-positive consumption as infeasible. The maximized objective defines V(1) (yj. bi).
Step 3. Update autarky. Update

Ny

VA (1) = u (= @ (1)) + B mie [ (1= ) VAO (1) + VRO (1,0)]
=1

Step 4. Update repayment probabilities and continuation values. Set

exp (VR'(”+1) (vj, bi) /a)

(n+1) (v, K —
o b i) = oo (VR4 (y;, by) Ja) + exp (VA (y) far)|

and update
N,
y VR.(n+1) (y b/) VA(n+1) ( )
n+1 A . 2, By Ye
W )(yj, by) = ;:1 i log [exp (a) + exp (a)} .

Step 5. Update prices. For each (y;, b} ), set

N,

(0 b) = B Ym0V (e, B) [A+ (1= Nz + (1= 2) g (e, KD (1, 8})) ]
=1

q(n+1

Because B is also the choice grid, the future policy h("*1) (y,, b}) is a grid point, so the final price term

is evaluated by lookup.

Step 6. Check convergence. If

Hq<n+1) — g

<tol  and HvRv<"+1LvRv<")

< tol,
o0

oo
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stop. Otherwise, set n < n+ 1 and return to Step 2.

This method is the most direct benchmark: it solves the Bellman problem by exhaustive search over a
finite action set. Its main drawback is that accurate policies require a fine debt grid, since the optimal
choice is constrained to lie on the grid. This makes the method substantially more expensive than the

GEE-based algorithms as the debt grid is refined.

Algorithm 2: Policy Function Iteration with GEE. The Pl method replaces the discrete maxi-
mization step with the GEE, solved pointwise for the next-period debt choice b’ on the exogenous
current-debt grid; it does not use the endogenous-grid inversion introduced in Algorithm 3 below. Let
B = {b1,...,bn,} and Y = {y1,....yn, } denote the debt and income grids, and let mj, denote the
transition probability from y; to y,. Off-grid evaluations in the debt dimension use shape preserving
cubic hermite interpolation: g is interpolated using (g, gp), and W is interpolated using (W, W}). For

compactness, define

c(y.bbiqg)=y—A+1=XN)z]lb+q(y.b)[b—(1-X)b].
Step 1. Initialize. Set n = 0. Choose initial guesses for

q, ql(,o), w©. WISO)’ VRO A0

1

on the relevant grids, and construct ¢(®) from Equation (11).

Step 2. Solve the GEE for a raw policy update. Given {q(”), qi"), é")}, solve, for each (y;, b;),

0= ue (e (b0 60 )[4 05 6) + a7 (0 ) 6 = (1= 0 bl + BWL” (35, )

over b’ € [0, bnax], using bisection. Denote the resulting policy by hggj,rl) (v, bi) .

Step 3. Project the policy update. For each y;, project hsg\,tl) (v, -) onto a low-order Chebyshev basis in b:

AL b—b
(n+1) . _ n+1 — Pmin _
h (yj, b) = ,;:0 ay Tk (2b b 1) .

max —

The derivative hgnﬂ) is computed by analytically differentiating this projected policy. The projection

smooths local root-finding irregularities before they enter the value, price, and derivative updates.

Step 4. Update values and repayment probabilities. Using the projected policy, compute
1 n n
o =c (yj, bi, K™D (y;, by )) ,
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and update

VRO () = () 4+ BW (3, D (3, ) )
Ny
VAOH () = (g — () + B e [(1— € VA (1) + €VRD) (1,0)].
=1

Then update ¢("*Y) from Equation (11) and W(+1) from Equation (9).

Step 5. Update derivatives and prices. Define the long-term payoff term
M =X+ (=N 2+ (1= 2 d (ye HD (30, b))
Then update

n+1 n+1 n+1l) ,(n n
0 (. b) = —we () T () 1= 000 (35, 81)]

QIr

Wénﬂ) (v, bi) = =3 med"™ ™ (ye, by) ue (Céfﬂ)) réf-’“’,

= ~
il

g (b)) =B med"™ ™ (ye, by) FTY
1

~
Il

Ny
Fh(1 =AY med ™D (y, by) g (ye, Y (y, b,-)) W (v, by)
/=1

=2

gD (v b) =B > med ™ (ye, by) T,

~
Il
—

Here ¢(" and ql(,") are evaluated off grid by piecewise cubic hermite interpolation.

Step 6. Check convergence. If

< tol,

o0

Hq<n+1> )

< tol and H YR+ _yR.(n)

oo

stop. Otherwise, set n <~ n+ 1 and return to Step 2.

Algorithm 3: Endogenous Grid Method (EGM) with GEE. When ¢ = 2, the GEE can be rear-
ranged into a quadratic equation for consumption as a function of (y, b’). The EGM uses this closed-form
solution to avoid the state-by-state root-finding step in Algorithm 2. Let B = {by, ..., by, } denote the
exogenous grid for current debt, and let B/ = { s ees b;Vb’} denote the exogenous grid for next-period

debt choices. Let Y = {yl, ,yNy} denote the income grid.
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Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Initialize. Set n = 0. Choose initial guesses for

VA(©0)

'

q(O)Y qE,O)v W(O)y W[EO)' VR,(O)

on the relevant grids, and construct ¢(©) from Equation (11).

Solve the GEE on the exogenous b’ grid. For each (y;, b}) € Y x B, evaluate g™ (vj. b)), q,()") (yj. by),
and Wé") (y;, b}) by interpolation, and solve the GEE for the feasible consumption level c("*1) (y;, b,),
which at ¢ = 2 is given in closed form by the quadratic formula implied by Equation (12). This step

replaces the bisection over b’ used in Algorithm 2.

Recover the endogenous current-debt grid. Given c(n+1) (yj, b’k) recover the current debt level

consistent with the budget constraint:

_ v+ (0 b) by — Y (3, bR)
A+ (1 =N z+(1=N)q" (y, b))

b (5, bl)

For each y;, the pairs
Nbl

(6D (35, ) . b1

k=1

define the policy on an endogenous grid for current debt.

Interpolate onto the exogenous current-debt grid. For each income state y;, interpolate the mapping
bV (y;, by) = by

onto B to obtain A("+1) (v, bi). Obtain hi"ﬂ) by finite-differencing this interpolated policy along the
debt grid. Because the endogenous-grid construction already performs this interpolation, EGM recovers

the derivative without the separate Chebyshev projection step that Pl requires.

Apply the common GEE update. Given h("t1) and hg"Jrl), update VR VA & W, W, qp, and g

exactly as in the value, derivative, and price-update steps of Algorithm 2.

Check convergence. If

Hq<n+1) — g < tol,

< tol and H yR((r41) _yR.(n)

oo o0

stop. Otherwise, set n < n+ 1 and return to Step 2.

Relative to PI, the only substantive change is the policy update. Pl solves the GEE directly for b’

at each current state (y, b). EGM instead chooses an exogenous grid for b, reads the corresponding

consumption from the closed-form quadratic available at ¢ = 2, recovers the implied current debt b from
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the budget constraint, and interpolates the resulting endogenous grid back onto B. The closed form for
consumption is what makes EGM substantially faster per iteration than Pl in this setting; without it,

the two methods would coincide in cost.

Additional Comparisons. We focus the main text on discrete-state VFI and the GEE-based Pl and
EGM methods, since these comparisons isolate the gains from utilizing the GEE. A fourth method,
VFI with Chebyshev interpolation, is described in Appendix C. That appendix also reports a separate
comparison between the GEE methods and Chebyshev VFI, while Appendix C.1 reports the full grid-

robustness table across all methods and grid specifications.

Implementation Details. Income follows the AR(1) process described above. For the GEE methods
and discrete-state VFI, log income is discretized using the Tauchen approximation: an equally spaced
log-income grid with transition probabilities obtained by integrating the normal innovation density over
the grid cells.

Debt is restricted to a bounded interval [bmin, bmax]. The GEE methods represent inherited debt on
an equally spaced grid, and EGM uses the same grid for next-period debt. Discrete-state VFI likewise
uses one finite grid for inherited and next-period debt.

The GEE methods use shape-preserving cubic Hermite interpolation in the debt dimension to evaluate
prices, continuation values, and their derivatives off grid. The interpolants are constructed from function
values and derivative objects implied by the GEE, such as g, and W,,.

In PI, the GEE is solved state by state by root-finding. The raw policy update is then projected,
row by row in income, onto a low-order Chebyshev basis in debt; the projected policy is used in the
subsequent value, price, and derivative updates, and h, is the derivative of the same projection. In
EGM, the root-finding step is replaced by the closed-form quadratic solution for consumption implied by
the GEE at o0 = 2 and h;, is obtained by finite differences.

The VFI methods use direct maximization over a debt-choice grid. Discrete-state VFI stores all
objects directly on the finite tensor grid.

All methods evaluate the extreme-value inclusive value using the numerically stable log-sum-exp
representation. The discrete-state VFI implementation also uses a small policy-inertia rule: a candidate
borrowing policy replaces the previous policy only if it improves the repayment objective by more than
€pol, removing spurious cycling caused by numerical near-ties across adjacent debt choices. Replication
codes implementing the algorithms, along with the calibration routine, are available at [repository

URL upon acceptancel].
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6.3 Results

We compare the three main-text solution methods along two dimensions: numerical accuracy on
a common validation grid and time to convergence. We first define accuracy using residuals of the
equilibrium equations, evaluated independently of the algorithms used to compute the solutions, and

then report stationary moments, speed, and robustness across grid specifications.

Accuracy Metrics. Each method m produces a candidate set of equilibrium objects

~

‘Sm: {i’myamu \A/nrjy \A/ﬁv meém}
We evaluate these objects on a common validation grid
Gval Yval % Bval

whose income component Y2/ is the common Tauchen Markov-chain grid shared by all methods, while
the debt component B"? is finer than, and distinct from, the methods’ computational debt grids. Accu-
racy is therefore compared in the debt dimension: between debt-grid points, each method is evaluated
using its own approximation scheme— discrete VFI| uses its finite state-space representation, and the
GEE methods use their interpolated policy, value, and price objects.

The first validation statistic is the price-equation residual. Expectations are computed using the
common discrete Markov-chain (Tauchen) approximation shared by all methods. For each (y, b') € G*?/,

define
RC? (v.t)=a(y.bt) - Z (v, y«) yk,b) [)\—i—(l—)\)z—l—(l—)\)f](yk,%(yk,b')ﬂ .
K

The unit-free price error is

R3 (v, b)

w_ P (=N
qrf q )

e (v b) = B T (Y

The second validation statistic is a value-consistency residual. Given the reported policy h, define

the policy-implied repayment value

ORI (v, b) = u (y =+ (1= N2 b+a (v, h(y.0)) [Ar.b) = (1= ) b]) + 8W (v, B (v, b))
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The relative value error is
VR (y,b) = URim (y, b)|
ev(y. b) =

n (14)
‘ VRime (y, b)’
This residual checks whether the reported repayment value, policy, price schedule, and continuation
value are mutually consistent.

For each pointwise error e, we report three summaries. The first is the supremum norm over the
validation grid,

e = sup e(y,b).

(y.b)eG!
The second is the uniform L2 error,
1/2
e = ]G:‘L/a’| Z ey, b)2
(y.b)eGwl
The third is a stationary-distribution-weighted L2 error,
1/2

aun=| Y. nl.bely.b?|

(v.b)eGv

where 1(y, b) = p,(y)/|GY| uses the stationary distribution 1, of the income process under the
Tauchen approximation, applied uniformly across the debt dimension of the validation grid. The tables
report these quantities in log;y units. Thus, a value of —2 corresponds to a unit-free error of 1072, while
a value of —4 corresponds to an error of 10~*. The supremum norm measures worst-case accuracy,
whereas the two L2 measures summarize typical errors, either uniformly over the validation grid or

weighted by the states visited in the model’s stationary distribution.

Benchmark Outcomes. Table 2 reports model moments under the benchmark grid configuration for
the three main-text methods. The moments are computed from the stationary distribution implied by
each numerical solution, using the same transformations as in Chatterjee and Eyigungor (2012). The
three methods deliver very similar targeted moments: debt-to-output ratios are essentially identical,
average spreads are close to the calibration target, and spread volatility and the correlation of spreads
with output are of comparable magnitudes. The two GEE-based methods are nearly indistinguishable
across all moments and agree closely with discrete-state VFI. The remaining discrepancies are small

relative to the cross-method agreement in the targeted moments. VFI with Chebyshev interpolation
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Table 2: Benchmark Outcome

Moment Targeted Data Chatterjee VFI GEE

and Eyigungor (2012) Discrete Pl EGM
bly X 1.00 0.70 0.70 0.70 0.70
Average spread X 0.08 0.08 0.07 0.08 0.08
o(c)/o(y) 1.09 111 1.09  1.09 1.0
o(:55)/o(y) 0.17 0.20 0.14 0.14 0.14
o(spread) X 0.04 0.04 0.04 0.05 0.04
corr(c, y) 0.98 0.99 0.99 099 0.99
corr(%, y) -0.88 -0.44 -059  -0.55 -0.54
corr(spread, y) X -0.79 -0.65 -0.86  -0.79 -0.81

produces very similar moments and is reported in Appendix C.

Economic Decomposition of the GEE. We now describe the behavior of the sovereign and the role
of the different terms in the GEE in determining the marginal value of borrowing.

First, Figure 1 shows the decision rules of the sovereign and corresponding debt price at all points in
the state space. From the bottom-left panel, we see when the sovereign enters the risky borrowing region
it faces a sharp decline in the price of its debt. The borrowing policy b’ = h(y, b) is monotone in both y
and b. The buyback level, the negative of the b’ — (1 — \)b displayed, is not monotone, surging at high
levels of debt under poor endowment realisations because of the lowered price of debt. In this specific
quantitative environment, however, buyback remains negative across states—indicating continued net
sales and build up of liabilities—and therefore rules out potential ridges and non-monotonicities in
consumption c(y, b) and borrowing.

To understand the forces that shape the optimal choices of the sovereign, we plot the left-hand
side of the GEE in Figure 2. Recall from Equation (6) the derivative of the debt price is the sum
of the dilution risk and default risk terms. The top-left panel shows the marginal value of borrowing
—the first term on the right-hand side of Equation (12)— which is highest near the boundary of the
risky-borrowing region. The next three panels decompose the marginal value of borrowing into (i) the
marginal utility ignoring the derivative of the debt price uc(c)qg(y, b’), (ii) the marginal utility accounting
for default risk uc(c)(b' — (1 — \)b)qdef(b'), and (iii) the marginal utility accounting for dilution risk
uc(c)(b' — (1= A)b)qd(b'), where g and qg are the default-risk and dilution-risk components of qp
identified in Equation (6). First, in the absence of the effects of the price derivative uc(c)q(y, b’), the

marginal utility of consumption is high when debt is high and the endowment is low, and there is incentive
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Consumption, ¢(y, b) Borrowing, h(y,b)

Buyback, h(y,b) — (1 — A)b

Figure 1: Policy functions evaluated at all points (y, b) in the state space.

for the sovereign to increase borrowing. Second, the effects of the price derivative in terms of default
and dilution discipline the sovereign into borrowing less, which we can see in the bottom two panels,
where the corresponding components of marginal revenue from additional borrowing become negative.
Third, the disciplining effects of the price derivative come through the discount for both default risk and

dilution risk, while the effects of dilution risk appear to be larger.

Speed, Accuracy, and Grid Robustness. Table 3 compares the GEE methods with the benchmark
discrete-state VFI solution. The table reports model moments, numerical accuracy, grid sizes, and
computational times. To make the accuracy comparison transparent, the benchmark VFI column reports
the original log;o residuals, while the GEE columns report residuals relative to the corresponding VFI
residual. Thus, entries below one indicate that the GEE residual is smaller than the benchmark VFI
residual.

Several findings stand out. First, the model moments are stable across the methods shown in the
table. The debt-to-output ratio is 0.70 in all columns, and the average spread is essentially unchanged.
Consumption volatility, net-export volatility, spread volatility, and the correlations with output are also
close across methods. The coarse GEE grids generate somewhat less negative net-export and spread-

output correlations, but the overall stationary implications remain very similar.
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Table 3: Outcomes, Accuracy, and Speed Relative to Discrete-State VFI

VFI Discrete GEE PI GEE EGM
Benchmark Benchmark Coarse Benchmark Coarse

Stationary moments — calibration targets

b/y 0.70 0.70 0.70 0.70 0.70
Average spread 0.079 0.080 0.080 0.080 0.080
o(spread) 0.042 0.045 0.047 0.045 0.047
corr(spread, y) -0.83 -0.82 -0.79 -0.82 -0.79
Additional moments

a(c)/o(y) 1.1 1.1 1.1 1.1 1.1

o(55)/a(y) 0.13 0.13 0.14 0.13 0.14
corr(c, y) 1.0 0.99 0.99 0.99 0.99
corr(, y) -0.62 -0.60 -0.54 -0.60 -0.54

Numerical accuracy: VFI Discrete column reports log,, absolute residual;
GEE columns report the ratio of the GEE residual to the corresponding VFI residual

Price sup -2.75 0.0020 0.023 0.0032 0.019
Price L2 -4.03 0.0033 0.033 0.0046 0.033
Price stat. L2 -4.14 0.0033 0.010 0.0023 0.010
Value sup -5.11 0.058 0.38 0.066 0.33
Value 2 -6.32 0.14 0.90 0.15 0.91
Value stat. L? -6.61 0.15 0.64 0.15 0.61
Computational cost

Grid y 101 101 101 101 101
Grid b 350 35 20 35 20
Grid b’ - - - 35 20
Tolerance 1e-09 1e-09 1e-09 1e-09 1e-09
Iterations to converge 549 452 455 452 452
Time to converge 132.60 102.26 96.99 11.04 10.27
Time per iteration 0.242 0.226 0.213 0.024 0.023

Note: Times are in seconds. Moments are computed from the stationary distribution implied by each numerical
solution, using the same transformations as in Chatterjee and Eyigungor (2012). The benchmark discrete-state
VFI column reports accuracy as log;q unit-free residuals on the common validation grid. The GEE accuracy entries
are normalized by the corresponding benchmark VFI residual: em/eyp = 10'°g10(em)—logio(evr) | Thus, values below
one indicate smaller residuals than benchmark discrete-state VFI; 0.10 indicates an error one order of magnitude
smaller. Price residuals are normalized by the risk-free long-term bond price, and value residuals are relative to the
policy-implied repayment value. Tolerance is the sup-norm convergence criterion for the method-specific objects
updated in the fixed-point iteration. For EGM, Grid b’ is the exogenous next-period debt grid used to construct
the endogenous current-debt grid. Times were measured on an Intel i7-10700F CPU, single-threaded MATLAB
R2025b (no GPU; parfor disabled). All methods are implemented in pure MATLAB with vectorized inner loops;
no MEX, no external solvers.
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Marginal Value, u(c)[q(y,¥) + (o' — (1 = Nb) (g (y, ') + ¢/ (y,0))] Price, uc(c)q(y, V')

0.08 -
0.06 -
0.04 -
0.02 -

0.08 -
0.06 -
0.04 -
0.02 -

Default, u(c)(®' — (1 - A)b)gi (y,v) Dilution, u.(c)(b' — (1 — A)b)gi (y, )

Figure 2: Decomposition of the left-hand side of the Generalized Euler Equation into its individual
components evaluated at all points (y, b) in the state space.

Second, benchmark PI runs at roughly the same per-iteration cost as benchmark discrete-state VFI
(0.226 versus 0.242 seconds per iteration). At this similar cost per iteration, Pl delivers dramatically
higher accuracy. Across the three price metrics, Pl's residuals are between two and three orders of mag-
nitude smaller than the corresponding benchmark VFI residuals (ratios of 0.0020, 0.0033, and 0.0033).
Pl's value residuals are also substantially smaller: ratios of 0.058 in sup norm, 0.14 in L2, and 0.15
in stationary-weighted L?. Because Pl also converges in fewer iterations, its total time is lower than
benchmark VFI: 102.26 seconds versus 132.60 seconds.

Third, coarse Pl illustrates the complementary point. With a much smaller debt grid (20 versus 350
points), coarse Pl is still substantially more accurate than benchmark discrete-state VFI on prices and
modestly more accurate on values, while requiring less time. Coarse Pl's price-residual ratios are 0.023,
0.033, and 0.010 across the three price metrics — one to two orders of magnitude smaller than under
benchmark VFI. lts value-residual ratios are 0.38 in sup norm, 0.90 in L2, and 0.64 in stationary-weighted
L2 — still below the VFI benchmark on all three, though closer than under benchmark PI. At the same
time, coarse Pl converges in 96.99 seconds, compared with 132.60 seconds for benchmark VFI.

Fourth, EGM shifts the speed—accuracy frontier further outward. Like Pl, EGM solves the GEE system
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rather than directly maximizing the Bellman equation, but it avoids the state-by-state root-finding step
by exploiting the closed-form quadratic for consumption available at ¢ = 2. This makes each iteration
much cheaper: benchmark EGM requires only 0.024 seconds per iteration, compared with 0.226 seconds
for benchmark Pl and 0.242 seconds for benchmark discrete-state VFI. At the same time, EGM matches
PI's accuracy in the reported residuals. Benchmark EGM converges in 11.04 seconds, and coarse EGM
converges in 10.27 seconds, both far below the time required by benchmark discrete-state VFI.

Overall, the table isolates three margins. Holding per-iteration cost roughly fixed, benchmark PI
is two to three orders of magnitude more accurate than benchmark discrete-state VFI on prices and
substantially more accurate on values. Holding accuracy at VFl-level or better, coarse Pl is faster than
benchmark VFI. EGM then delivers the strongest result: it is both substantially faster and substantially
more accurate than the VFI benchmark, reflecting the gains from solving the GEE system through
an endogenous-grid construction rather than through either direct maximization or state-by-state root-

finding.

The accuracy advantage is structural, not interpolation-driven. The GEE methods also dominate
the smoother VFI benchmark studied in Appendix C: in Table 7, Chebyshev VFI's sup-norm value residual
is about 360-370 times the VFI Discrete Benchmark residual at every grid level, while the GEE methods
bring that residual to roughly 6% at the Benchmark grid and 2% at the Fine grid. The Chebyshev
penalty does not shrink with grid refinement, indicating that the value-function accuracy advantage of

the GEE methods reflects the GEE characterization itself rather than the choice of interpolation basis.

Convergence. All three main-text methods converge stably under the common extreme-value smooth-
ing, reaching the prescribed sup-norm tolerance without damping. The two GEE methods have nearly
identical and very regular convergence profiles, with the price and value errors declining together, while
discrete-state VFI requires a longer initial adjustment phase before settling into a regular contraction-like
decline (iteration counts are in Table 3). Evaluating every method under the same smoothed default deci-
sion is what isolates algorithmic differences from differences in the underlying economic problem: without
continuous randomization—neither the m-shock of Chatterjee and Eyigungor (2012) nor extreme-value
shocks—standard grid-based VFI can generate irregular policy updates and unstable convergence when
the debt grid is sufficiently fine. The convergence paths of all four methods are shown in Figure 5 in

Appendix C.

Accuracy: Den Haan—Marcet Test. To assess accuracy beyond moment matching and the direct

residual diagnostics above, we apply the test of den Haan and Marcet (1994). The test checks whether
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simulated Euler-equation residuals are orthogonal to variables in the agents’ information set. We simulate
2000 economies of 2000 periods each, discard the first 100 periods, and compute the test statistic using
as instruments w(x¢) = 1, a x3 test, and w(xt) = [1,yt, be], a X3 test. Table 4 reports the absolute
deviation, in percentage points, of the empirical rejection rate from the nominal 5 percent level.
Relative to discrete-state VFI, the GEE methods do not merely improve the Den Haan—Marcet
statistics; they effectively eliminate the systematic Euler equation rejection. Across the four reported
tail /instrument combinations, the average absolute deviation from the nominal 5 percent rejection fre-
quency is 0.19 percentage points for EGM and 0.24 percentage points for Pl, compared with 3.68
percentage points for discrete-state VFI. With 2000 simulated economies, the Monte Carlo standard
error of a 5 percent rejection frequency is approximately 0.49 percentage points, so the GEE deviations
are indistinguishable from simulation noise. In contrast, discrete-state VF| over-rejects sharply in the
upper tail: its deviations of 5.75 and 6.00 percentage points imply upper-tail rejection frequencies of
about 10.75 and 11.00 percent, more than twice the nominal rate. Thus, by the Den Haan—Marcet
criterion, the GEE solutions pass the Euler-equation orthogonality test, whereas the discrete-state VFI

solution displays systematic Euler equation errors.

Table 4: den Haan and Marcet (1994) Accuracy Test

w(xt) =1 w(xe) = [1, yt, by]
VFI GEE VFI GEE
Discrete Pl EGM Discrete Pl EGM

Absolute Deviation from Lower 5% (percentage points)

1.10 0.05 0.00 1.85 045 0.20

Absolute Deviation from Upper 5% (percentage points)
5.75 0.15 0.05 6.00 0.30 0.50

Note: Absolute deviation, in percentage points, of the empirical rejection rate from the nominal 5 percent level.
The statistic of den Haan and Marcet (1994) is computed from 2000 simulated economies of 2000 periods each,
after discarding 100 burn-in periods. We denote by w(x;) the vector of instruments for the Euler-equation residuals.
Small deviations indicate that the simulated Euler-equation residuals are close to orthogonal to the instruments.

Convexity with Extreme Value Shocks. The use of first-order-condition methods such as the GEE
relies on the repayment objective being sufficiently well behaved in the borrowing choice. The choice
set for next-period debt is convex, but the objective need not be globally concave. Nonconcavities are

most likely to arise when the sovereign enters the period with high debt and receives a favorable income
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realization. In the limiting case with & = 0, the default decision generates a kink in the Laffer curve near
the risk-free debt limit b*, which can imply two points at which the GEE is satisfied, one below b* and
one above it (see discussion in Section 2.3). From Proposition 2, a sufficiently large extreme-value scale
parameter smooths this kink and restores the relevant convexity/concavity properties. The quantitative

question is how large a must be in the calibrated model.

y=1.1044, b = 0.4470 y=1.1044, b = 0.4470 y=1.1044, b = 0.4470
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Figure 3: Repayment objective as a function of next-period debt b’ for different values of the extreme-
value scale parameter . The objective is evaluated at the same state, (y, b) = (1.1044, 0.4470), using
the calibrated long-term debt model.

Figure 3 illustrates this mechanism for the calibrated long-term debt model. The state shown is
selected because the low-« objective displays a visible nonconcavity. At o = 0.0010 (roughly a quarter
of the benchmark value) the repayment objective has two local peaks; at & = 0.0019 the nonconcavity
is largely removed; at the benchmark calibration a = 0.0039 the objective is single peaked. Thus, in
the calibrated model, the amount of extreme-value smoothing needed to eliminate economically relevant
multiple local solutions is small relative to the benchmark value of a.

If « is not sufficiently large, the GEE may still exist but can have more than one solution. In that
case, solving the first-order condition alone is not sufficient: one must evaluate the associated values and
select the global maximum. In practice, the multiple solutions arise from the buyback region of the price
schedule, so a simple safeguard is to initialize the root-finding routine from both low and high borrowing
guesses (we refer to this as the multi-start GEE safeguard). If both initializations converge to the same
choice, the GEE solution is unique at that state. If they converge to different choices, the algorithm
evaluates the repayment objective at both candidates and selects the one with the higher value. This
procedure is not needed in the benchmark computations reported above, where the calibrated value

« = 0.0039 is sufficiently smoothing for the GEE methods to converge reliably.
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Figure 4. Default Probability and Spread for Different values of a.. The calibrated benchmark value is
o = 0.0039.

Figure 4 shows how the default probability and the average spread vary with o over a wide range.
The moments are stable for « values near and below our calibrated value (o = 0.0039), confirming that
our calibrated « is small enough to produce a model that is quantitatively close to the limiting case
a=0.

On the interaction between « and the debt grid, we find no tight interaction in our calibration.
Table 7 reports the four methods at three grid sizes (coarse, benchmark, and fine) for the calibrated «;
the GEE methods improve monotonically with grid refinement at this «, so there is no “too-small-a-
for-this-grid” breakdown of the kind one would expect if grid spacing and the buyback-region kink were
interacting adversely. The practitioner-facing summary is: choose « as small as possible subject to the
safeguard that the multi-start root-finding procedure described in the discussion of Figure 3 returns the

same solution from low and high initializations; the grid can then be refined independently.

7 Conclusion

In this paper we have characterized the solution to the sovereign default problem with long-term
debt. We have used the GEE to describe how default risk and dilution risk shape the borrowing decision.
We have documented the existence of kinks in the pricing function where default risk starts, which—
depending on the size of existing debt—may result in the decision being held constant for a variety of
states or in a jump in debt issuance. Adding noise to the default decision, in our case in the form of
extreme value shocks, eliminates these kinks and convexifies the decision problem, yielding a GEE with
default and dilution risk that characterizes the solution everywhere. We have shown that an equilibrium

of the finite-horizon economies exists and is unique, and that it converges as the horizon grows, estab-
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lishing existence and uniqueness among the equilibria that are the limit of finite economies. We have
applied our methods to a fully calibrated model following Chatterjee and Eyigungor (2012), incorporat-
ing persistent income, stochastic re-entry and output penalties upon default. Using this application, we
have demonstrated the large gains in accuracy and speed obtained by policy function iteration methods
that exploit the GEE. In particular, at CRRA ¢ = 2 the GEE for consumption admits a closed-form
quadratic solution that the endogenous grid method exploits, delivering residuals orders of magnitude
smaller than those of standard value function iteration at roughly an order of magnitude lower cost, with
accuracy verified by the den Haan and Marcet (1994) test. The advantage extends to the smoother
VFI benchmark of Appendix C: Chebyshev interpolation there does not close the value-residual gap with
grid refinement, indicating that the accuracy advantage reflects the GEE characterization itself rather
than the choice of basis. We have provided detailed pseudocode and implementation guidance for the
discrete-state VFI, policy function iteration, and endogenous grid method algorithms. Appendix B shows
that the GEE characterization itself extends to richer environments—the canonical long-term-debt model
with persistent income and stochastic re-entry, the partial-default model, and a positive recovery rate
upon default—so that the approach is not tied to the simplified baseline.

A scope remark. The uniqueness result of Section 4 and the GEE characterization of Section 5 refer
to the Markov equilibrium of the long-term debt problem with exogenous fundamentals. We do not
address the multiplicity of equilibria associated with rollover-driven self-fulfilling debt crises, as in Cole
and Kehoe (2000) and Conesa and Kehoe (2017). Those multiplicities arise from the lender side, through
self-fulfilling rollover failures at the period’s debt auction, and are orthogonal to the equilibrium-selection
device (strict positivity of h:) used here. Adapting the GEE machinery to environments with rollover
risk would require a separate treatment of the lender coordination problem and is left for future work.

We hope that this paper contributes to replacing black-box solution methods in the sovereign default
literature with transparent, verifiable computational strategies grounded in the analytical characterization

of the equilibrium.
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Appendix
A Proofs

Proposition 1 (Vanishing Taste Shocks). As« — 0, the decision problem converges to the one presented

in Section 2.

Proof of Proposition 1. We begin with the repayment surplus. Consider the term « |n(1 + es(y"b/)/a>
with S(y, b) = VR(y, b) — VA(y). For any x € R,

x x>0,
lim aln(l + ex/a) = = max{x, 0}.
a—0 0 x < 0,

Setting x = S(y’, b'), we obtain
lim « In(l + es(y/'b,)/o‘) = max{S(y’, b'),0}.
a—0

To be able to pass the limit through the integral, we need to apply the dominated convergence theorem.
That is, for the sequence of functions f,(y’) = aln (1 + es(y’vb')/a) we need a dominating function
g(y’) such that |f,(y")| < g(y’) for all « sufficiently small and [ g(y’) dF¥(y’) < oc. Consider two
cases. First, when S(y’, b') > 0:

aln (1 + es(y/'b/)/o‘) < «ln (2e5(yl'b/)/°‘)
= aln(2) + S(y', ¥)
<SSy, b)+C,

where C = oy In(2) for some fixed small oy > 0. Second, when S(y’, ') < 0
aln (1 + es(y"‘”/a) <aln(2) < C.
Combining both cases gives
()] = aln (14 50/%) < max{S(y, 5,0} + € = g ().

Since [g(y')dFY(y') = [max{S(y’,b'),0} dF¥(y’) + C < oo, the dominated convergence theorem
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applies. Therefore, passing the limit through the integral,

a—0

lim /aln(l + es(y/’bl)/o‘> dFY(y') = /max{S(y', b'), 0} dFY (y').

Subtracting the autarky Bellman VA(y) = u(y) + 8 [ VA(y') dFY(y’) from the repayment Bellman,
and using G(y', b') — VA(Y') = aIn(1 4 50" 2)/@) — o In 2, yields a Bellman in the surplus, S(y, b) =
max{u(c) — u(y) + B [ aln(l + /%) dFY — BaIn2}. The additive constant S In2 vanishes in the

o — 0 limit. Substituting this result into the Bellman equation yields

b'el(y.biq)

S(y,b) = max {U(y — b+ q(b)[b' = (1= N)b]) — u(y) + B/max{S(y’, v), O}dFy(y’)}-

For the repayment probability, rewrite by factoring out eV nb)/a

1
14 exp<M> .

«

Py, b) =

For any x € R,

1 1 x<0,

T T+ ex/a
a0 lte 0 x>0.

Setting x = VA(y) — VR(y, b), we obtain

1 VR(y, b) > VA(y),
im o(y,5) - (v, b) > V%(y)
o 0 VR(y,b) < VA(y).

At the knife-edge case in which VR(y, b) = VA(y), the limit of the logit choice probability equals 1/2.
Since this event occurs with probability zero (by continuity of VR, VA in y and continuity of FY, the level
set {y : VR(y, b) = VA(y)} has F¥-measure zero for each b), the exact tie-breaking rule is immaterial.

We can therefore replace the limit by the indicator ]I{VR(b’,y’)>VA(y’)}' The bond price then becomes

Jimy (&) = ’B/H{VR(bf,y/)wA(y')} [1+ @ =X g(h(b,y))] dF ().

Observe that [¢p(b, y') [1 4+ (1 — N)g(h(b, y"))]] < }i/( < 00, using ¢ < 1 and the equilibrium bond price
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bound g < 1/(r 4+ \), enabling again the application of the dominated convergence theorem therefore
allowing the limit to pass through the integral. See also Iskhakov et al. (2017, Theorem 5) for a related

proof. O

Proposition 2 (Budget Set and Objective Function). For sufficiently large o, the objective function is
strongly concave and L-smooth, the marginal objective is strongly convex in b’ and Lipschitz, and the

budget set is convex.

Proof of Proposition 2. With a — oo, the borrower decides to default with probability 1/2 irrespective
of (y,b). The bond price for any b’ > 0 is therefore q(b') = q = ﬁ Consumption is linear in
(y,b,b') sincec=y—b+ ﬁ[b’ — (1 = A)b]. As a result, the budget set is convex. In addition,

observe that

im SO0 1/V(y, b,e) dF. = lim In (evR(y’b)/a+eVA(y)/a>—|n(2):|n(2)—|n(2):0.

a—00 [0 a—00 (@ J a—00

As noted by Iskhakov et al. (2017, pp. 334-335), this implies that the objective function directly inherits
the strong concavity and the L-smoothness from the properties of the instantaneous utility function when
the scale parameter is sufficiently large. The convergence G/« — 0 is uniform on the compact state
space Y x B, so by continuity of the second derivatives in « the strong-concavity and L-smoothness
bounds extend from the limit to a neighbourhood of & = co. The same scaling argument extends to

higher derivatives. Differentiating 9,G = ¢(y, b) 9, VR (y, b) once more,
056 =060 0oV + 9 RVR, 00 = L d(1 — ¢) VR = 0(1/a),

uniformly on Y x B since ¢(1 — ¢) < 1/4. lterating, each successive differentiation of G introduces
at most one additional 1/« factor from 0p¢ and otherwise involves only the derivatives 8[; VR (k <3),
which inherit uniform bounds from u on the compact state space by the same contraction argument as
for the Hessian. Hence 82G is uniformly bounded for a above some threshold @. Applying the chain

rule to Y(y, b, b') = u(c) + B [ G(y', b') dFY with c =y — b+ q(&')[b — (1 — A\)b],
0501 < |u"'()| ciy + 3|u"(e)| lew | || + [u'(c)| | ey prey| +5/ |03G| dF,

which is uniformly bounded in (y, b, b') for & > @. In other words, the marginal objective 91 is

Lipschitz in b’ with a constant uniform in (y, b) —the bound invoked in the proofs of Lemmas 1 and 2
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and Proposition 6.

Proposition 3 (Monotonicity). In the above environment with T < oo,
1. Values and Decision Rules across States For all t,

1.1 VR(y, b) is strictly increasing in y and strictly decreasing in b.

1.2 Wq(b) is non-increasing in b.

1.3 x+(b) is non-increasing in b.

1.4 If q:(b') is non-increasing in b’, h¢(y, b) is non-increasing in y and non-decreasing in b.
2. Debt Prices across States: For all t, g:(b) is non-increasing in b.

3. Values and Default over Time: For allt < T and all (y, b),

3.1 Si(y,b) > Sey1(y, b).
3.2 Z/(b) > Zi11(b).

3.3 xt(b) = xe+1(b).

Proof of Proposition 3.1.1. Consider the feasible set given by:
Fe(y, biqe) ={b' € B:0<y—b+q(b)[b — (1 - )b <}

Clearly, if § > y and b > b, then Fe(y, b;qe) CTe(y, b; ge) and Ti(y, b: qt) € T't(y, b; g¢). This implies
the optimal choice h = h(y, b) € [¢(9, b; g¢), and h = h(y, b) € T+(y, b; g;). This implies monotonicity

in y since,

VE($.b) = u(§ — b+ q(h)[h — (1 = \)b]) + BWeia(h)
> u(§ — b+ q(h)[h— (1= \)b]) + BWiya(h)
> uy — b+ q(h)[h— (1= A)b]) + SWiy1(h)
= VR(y. b),
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where the first inequality follows from the definition of optimality, and the second from the strict mono-

tonicity of u(c). This also implies monotonicity in b since,

Ry, b) = u(y — b+ q(h)[h — (1 = A)b]) + BW:1(h)
> u(y — b+ q(h)[h— (1 = A)b]) + S Wiy (h)
> u(y — b+ q(h)[h — (1 — \)B]) + BWii1(h)
= V(v b),

where the first inequality follows from the definition of optimality, and the second from the strict mono-

tonicity of u(c). O

Proof of Proposition 3.1.2. Consider the definition of W;(b).

= //max { VtR(y, b) + R, VtA(y) + GA} dFe(e)dF”(y),

= /aln (eVR(y’b)/a + eVA(y)/O‘> dF?(y) — aIn(2).

Since VA(y) only depends on y, the proof is immediate from Proposition 3.1.1. O

Proof of Proposition 3.1.3. Recall the definition of the ex-ante repayment probability,

b)dFY e
—/dn(y, ) (y)—/evf<y,b)/a+evf(y>/a W)

Since VA(y) only depends on y, the proof is immediate from Proposition 3.1.1. O

Proof of Proposition 3.1.4. Similar to Chatterjee and Eyigungor (2012), define the loss function of
choosing by instead of b} in state (y, b) by

A(bg, by|b) = (1= A)bo[qe(bh) — qe(bp)] + qe(bg) by — qe(b)bh.

Observe that A does not depend on y given that y is i.i.d. distributed.
For the first part of the proposition, fix y and consider two debt levels by and b; such that b; > bg.

Assume that in by, the borrower optimally chooses by and obtains a consumption level cy. This means
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that for a b’ < by leading to a consumption level ¢, we have by optimality that
u(co) + BWera(bp) = u(@) + SWera (B). (15)

As W;y1(bh) < Wii1(b') from Proposition 3.1.2, it must be that ¢y > &. Now observe that A(b), b|bg) =

cg— ¢ >0 and
A(by, B|bo) — A(b, B'[b1) = (1 = A)(bo — b1) [qe(B') — g (bp)] <0,

where the inequality comes form the fact that by > by and that g:(b’) is non decreasing in b’. This
means that the loss in by is at least as large as the loss in bg. With this define ¢ being the consumption
level in state by choosing by. By the budget constraint, it directly follows that € < ¢p given that by > by.

Combining this with the strong concavity of u(-), we get

u(e) — u(e — A(bp, Bl|b1)) > u(co) — u(co — A(bp, Bl|b1))
> u(co) — u(co — A(bp, B'|bo))

= u(c) — u(e) >0,

where the first inequality comes from ¢y > &, the second from A(bp, B'|b1) > A(bj, b'|bo) and the third
from the definition of A(b}, b'|bg). This means that the wedge in utility between & and & — A(b), b|by)

is larger than the wedge in utility between ¢y and & = co — A(bp, b'|bo). By (15), this implies that
u(&) + BWera(bg) > u(@ — A(bg, B|b1)) + BWiesa (B).

Hence it cannot be that in b;, the optimal choice b’ is lower than bj. The bond policy function is
therefore non decreasing in b.

For the second part of the proposition, fix b and consider two income levels such that 0 < y; < yp.
As before, assume that in yg, the borrower optimally chooses b6 and obtains a consumption level ¢.
Considering a b < by leading to a consumption level &, we get the same argument around (15) as before.
With this define ¢ being the consumption level in state y; choosing bj. From the budget constraint,

E=c+y1— Y <cas0<y <yp. Combining this with the strong concavity of u(-), we get

u(e) — u(e — A(bg, IAJ'\b)) > u(cp) — u(co — A(by, B’|b)) = u(cp) — u(e) > 0.
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The wedge in utility between ¢ and ¢ — A(by, b'|b) is larger than the wedge in utility between ¢y and

& = co — A(bl, b'|b). By (15), it cannot be that in y;, the optimal choice b’ is lower than bj). The bond

policy function is therefore non increasing in y. O

Proof of Proposition 3.2. We prove this statement by taking the limit of finite horizon. The bond price
is given by
2

Ge(b) = P xer1(b) + P(L— \) / bes1(y. b) Gesn (hesa(y. b)) dFY.
y

The proof goes by backward induction. In the last period T, under Assumption 2, the borrower issues
zero debt, i.e. bri1 = 0, and the default decision depends on the exact realization of (eR,eA). The

bond price in T — 1 is given by

2

qr-1(b) = mXT(b)-

From Proposition 3.1.3, for any 0 < by < by,

qgr-1(b1) — qr-1(b2) = 1+22r+)\ [x7(b1) — x7(b2)] = 0.

Subsequently, in period T — 2, we have that

qr—2(b1) — gT—2(b2) =P [xT-1(b1) — X T—1(b2)]

+p(1—A) /y ¢1-1(y, b1)gr—1(hT-1(y, b1)) — d7-1(y, b2)gr—1(hT_1(Y, b2))dF”
y

>p[x7-1(b1) — xT-1(b2)]

+p(1—-X) ’ d1-1(y, b2) {gT—1(hT-1(y. b1)) — g7—1(h7-1(Y. B2))} dF”,

=A

where the inequality comes from Proposition 3.1.3. Relying on the same proposition we have that
XT-1(b1) — x7-1(b2) > 0. In addition, from Proposition 3.1.4, ht_1(y, b1) < ht_1(y, bz) implying
that A > 0 given that g7_1(b1) — g7—1(b2) > 0 for by < by. Hence,

qr—2(b1) — qr—2(b2) > 0.
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Repeating the argument until ¢ = 0 completes the proof. O

Proof of Proposition 3.3.1. Observe that

oy

VA =)+ 3 9 [Cu)ae )
j=t+1

A t—

Vina(y) = uly) + R t+2ﬁf /y u(y')dFY (y

Hence
VAWy) - VAL(y) = BT~ / u(y)dFY ().

Now consider the following replication strategy. Suppose that at time t, the borrower chooses to mimic
the optimal borrowing policy of the subsequent period h:;1, from time t to T — 1. In that logic, at time
T — 1, the borrower issues no new debt and consumes in T its endowment yt.

The borrower following the replication strategy in t has the same consumption as the optimizing
borrower in t + 1. To see this, denote the price and policies of the borrower following the replication
strategy with g, ¢, ta and ¥;. Since the borrower following the replication strategy does not issue new

debt in T —1, it holds that &r_1(y, b) = cr(y, b) = y — b[1 + (1 — )5+ and

Gro(b) = B / Tt L+ (- Nar O () = Tralb)

where we used the fact that §7_1(0) = The latter follows from x7(0) = 1/2 and the pricing

1
2
formula: §r-1(0) = p-5-[1+(1 >\)1+21r+/\] = 1+21r+)\, which is precisely the terminal price in

Assumption 2. This self—con5|stency is the key reason for the choice of terminal price. Observe that

Ly —bII+(1-2) s )45 [ uly)dF ()] o
BTN s 48 T uly VY (o ofuly) £ [ (o )dFr (/)]
Qy—blIH(1-N) 1) e

_ = 67(y, b).
U=+ N /o qu(y)/a or(y.5)

dr-1(y, b) =

This implies that §1_,(b') = iT—l(bl)ﬁ = XT(b/)ﬁ = gqr_1(b’) for all " and
¢r—o(y.b) =y — b+ Gr—_2(ht=1(y. b))(h7=1(y. b) — (1 = A\)b)
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=y—b+qgr-1(ht-1(y, b))(hT-1(y, b) — (1 — A)b)

= cr-1(y, b).

Using the same argument as before, one can then show that gg-r_2(y, b) = ¢71-1(y, b) and that

Gr-3(b) ’_’/y dr_o(y’ B[+ (1= Nar_a(hr_1(y’, b')]dF* (y')

ﬁ/y o710y, b1+ (1 = N)gr_1(hr-1(y', b'))]dF’ (y')
= qr-2(b").

This then leads to ¢r_3(y, b) = cr—2(y, b). Repeating this argument for all remaining periods shows
the consumption from t + 1 to T of the borrower entering state (y, b) at time t, which follows the
replication strategy, is equal to the consumption of an optimizing borrower from t+1 to T entering the
same state (y, b) at time ¢t + 1.

In addition, the borrower at time t also has an additional period of consumption y7. As this strategy

is sub-optimal, we have that

T-1
VE(y,b) Zu(craa(y, b)) + E{ >= Ftmax {ulGa(yy, b)) + R, uly) + <}
j=t+1

+ 877 max {u(yr) + R u(yr) + eA} }
=V b) +EeBT Fulyr).
From the previous equation, we obtain that

VE(y, b) — vtlj-l(yv b) > EBT tu(yr) = VA(y) - Vlﬁ-l()/)-

This shows the monotonicity of the repayment surplus. O

Proof of Proposition 3.3.2. Consider the definition of Z(b).

2 2
Zt(b):/ /max{St(y, b)+€R—6A,O} dFedFy:/ aln (1+e5f(y'b>/a) dFY.
y Je Y

53



Since Si(y, b) = VE(y, b) — VA(y), the proof is immediate from Proposition 3.3.1. O
Proof of Proposition 3.3.3. Recall the definition of the repayment probability,

eVE( b/ eSilvb)/a

yb)a 1 eVEW)a 1+ eSvb)/a’

gbt(y' b) = thR(

Observe that

bl b) 1 eSe
ast(yv b) @ (]_ + est(y,b)/a)2 :

Hence, it suffices to show that

Se(y, b) = VE(y. b) = VA(y) = V&1 (y. b) — V{i1(y) = Sexa(y. b),

which follows from Proposition 3.3.1. Furthermore, recall that x:(b) = fy ¢+(y, b) dFY. Hence, the
monotonicity of ¢:(y, b) in t implies the monotonicity of x:(b) in t. O

Lemma 1 (Uniform Boundedness). For a sufficiently large «, the sequences {1}, {St}, {h:} and {q:}
are uniformly bounded. Also, for all t and b’ € B, there exist constants ¢ >0, " > 0, M > 0 and
P > 0 such that

&qi(b)
ob?

9q:(b')
ov

=/

<g’, sup |VOyue(y,b b)) <M, sup |[V2Optp(y, b, b)|| < P.
ty.b,b/ ty.b.bf

t,b’ t, b’

Proof of Lemma 1. We start with the bond price and the bond policy. Since g; € [0, r%\] for all t, the
bond price is uniformly bounded. For the bond policy, uniform boundedness comes from the fact that

he € B for all t. For the sequences {¢:} and {S;}, define the objective function for t < T as
ey, b, b) = uly = b+ qe(B)[6' — (1 = \)b]) — u(y) + 8 / aln (14 50 $/e) gFy (),

as well as ¢(y, b, b)) =y — b+ q:(b)[p — (1 — AN)b], A = supy.y b Lu(ce(y, b, b)) — u(y)} and
D =infey, pp{u(ce(y, b, b)) — u(y)} . The set of all triples (y, b, b") is bounded, so continuity of u(-)
implies the finite constants A and D exist and do not depend on t. Thus for every feasible triple and
every t,

D < u(c(y, b b)) —u(y) < A. (16)
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Regarding the continuation value, for any x € R and « > 0,
aln (1+e%) < max{0,x} +aln2.

Indeed, if x/a < 0 then In(1 + e¥/®) < In2; if x/a > 0 then In(1 + e/*) = x/a + In(1 + e ¥/*) <
x/a+In2. Let Ki = sup, , St(y, b). Using (16), the upper bound is

Sily.b) <A+ / (max{0, Ses1(y, B)} + aIn2) dFY(y')

< A+ B(max{0, K} + aln2).

Taking the supremum over (y, b) yields Ky < A+ faIn2+ fmax{0, Ki+1}. Then set C = A+ Saln2.
We then get K; < C + Bmax{0, Kiy1}. If Kip1 <0 then Ky < C. If Kiy1 > 0 then Ky < C + SKiy1.
Since K1 = A, for all t,

supKe < C/(1—p) < oo

For the lower bound, let kr1 = inf, p Se1(y, b). From (16) and aIn(1+€*/®) > 0, we have S;(y, b) >
D+ B [0dFY =D so ke > D for all t. Hence, for all t, y, b,

D < Si(y, b) < C/(1-5).

Thus {S;} is uniformly bounded and so is {1} by definition of the objective function. Turning to the

derivatives, observe that

I eStr( b') ;o
Wt%/})’b'b) =uc(ce(y, b))[ge(b') + qep(b)(E b)] + 5/ 1+ e5t+y1(y’ b)/ 85t+(19(b)// L )dFy,
2 /

W =ucc(ce(y, b)[qe(b') + qeu(B) (B — (1 — A)b)]?

+ uc(ce(y, b))[29:6(b') + Gr,bp(B)(' — (1 — A)b)]
eStr(y’.b)/a oS " B)\21 Sty .b)/a 92g 'y
+ﬁ/ ( e+1(y )) = e+1(y), b)
0%e(y, b, b')

(1 + eSen(y/,p)/a)2 ob 1+ eSeni(y'b)/a ob”?
ooy = Ueelerly. D)Ige(b) + qep(B) (6 — (L = NB)[L + (1 = A)ae(b)]

— uc(ce(y, b)) ges(b')(1 = A),

dF”,
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0%e(y, b, b')

ayop ~Uee(cly D)ae(b) + arp(B)(H — (1= Vb))

Given that the objective function is strongly concave and L-smooth under sufficiently large «, there exists

a L > 0 such that |ab,*| < L for all t. As b’ € [b, ] lies in a compact set, the gradient is Lipschitz

and bounded as well. Hence the sequence {01} is uniformly bounded. Given this, we can show that

gt p(b') is uniformly bounded as all the other terms in the gradient are uniformly bounded. We already

noted that S;y1 is bounded for all t. Additionally, we have %}f’b,) = —uc(ct(y, b))[1+(1—N)ge(b)]

and by the envelope theorem |/ —he(y,b) = . Given this, since ¢;(y, b) and g;(b) are

bounded so is M for all t. Hence, g;p(b') is bounded and that for all t. Thus, there exists a @’
such that sup, 8b/ ) <q
2 2
For the second derivatives, we know that ]%blf’;\ < L for all t. For the terms appearing in ab%' we

already said that ¢;, g, St11, as"”a(g’b) and g; » are bounded. Moreover, Bb,b,St is uniformly bounded due

to strong concavity and L-smoothness of the objective function. The only remaining term is g; pp which

g (b))

=1/
ob’2 S q .

must be bounded given that all other terms are. Hence, there exists a §" such that sup, ,

2 / 2
Since 2 7’%*%’5’“ nd 2 wa*(ya:,b) combine the same aforementioned terms, the cross partial derivatives

are bounded as well. As a result, the sequence {VIyv:(y, b, b')} = {(%, g,fgg,, aaiz/ﬁ;)} is uniformly

bounded. Hence, there exists M > 0 such that for all t, |[VOyt:(y, b, b')|| < M.

For the third derivatives of the objective function, we formulate a similar argument. From Propo-
sition 2, the gradient inherits strong convexity and L-smoothness from the marginal utility function

. . 3
meaning that there exists a L > 0 such that \%bqf’ﬂ < L for all t. Observe that

O3y, b, b)

s —teec(ce(y, ))[ae(b) + ep(B)(6' = (1= A)b)]?

+ uc(ce(y, b))[3Ge,b(b") + qe,bbu(b) (6 — (1 — A)b)]

+ 3uce(ce(y, b)[ae(b') + ge,p(b) (b — (1 = A)B)][241,5() + Ge,on(6)(B" — (1 = A)b)]
eSeri(y! /e — @Sy b)) 198, 1 (y' B)\3 /112
waf]f () ()

(11 eSn0/B/ay3 oL o
N eSt+1(y'.b')/a 335t+1(y', b/)
1+ eSn/B)a b

eStr1(y'b') /e astJrl(_y b ) 62St+1(y b )
(1 + eSenr(y'.p)/a)2 ob’ ob?

+3

] dF”.

The only terms we have not yet shown are bounded are 8g’b’b’5t+1 and gz ppp. The former is bounded by
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the fact that the gradient is strongly convex and L-smooth. The latter being the only term left must be

33y
b3

in V20u1:(y, b, b'), there exists P > 0 such that for all t, ||[V20p:(y, b, b')|| < P. O

bounded since all the other terms are bounded and |

| < L. Since there are no other term appearing

Lemma 2 (Equicontinuity). For a sufficiently large «, the sequences {S;} and {h:} are equicontinuous

on B, the sequence {q:} is equicontinuous on B and the sequence {1;} is equicontinuous on Y x B x B.

Proof of Lemma 2. The feasible set I' is nonempty, compact-valued, and continuous. Define the objec-

tive function for t < T as
mwwwﬁzwy—b+%wﬂﬂ—u—Awn—wn+5/@m(r+émWﬂWQdﬁw%

Fix ¢ > 0 and, for each (y, b), pick Z)(y'b) € I(y, b, g¢) such that Si(y, b) < v:(y, b, Z)(y'b)) +¢/3.
Since T is continuous and compact-valued in (y, b), there exists d(, ) > 0 such that for all (y’, t')
with [|(y", b') — (v, b)|| < &(y.b), We can select E(y/,b/) € I'(y', b, q:) satisfying Z)(y/'b/) — E(y,b) as
(y', b') = (y, b). By joint continuity of ; following from the continuity of u(-) and the application of

the dominated convergence theorem, there exists d(, ) > 0 such that for all (y’, b') € By, (v, b),

ey, b, biy.py) — Ue(y, b, by )| < /3.

This implies that ¢:(y, b, B(y'b)) < e(y', b, E(y/’b/)) + ¢/3. Therefore, for such (y’, b'),

Se(y, b) < ¥e(y. b, by.p)) +¢/3
S wt(y/, b/, B(y’,b/)) + 25/3
< Sy B) +2¢/3

A symmetric argument shows S:(y’, b') < S;(y, b) + 2¢/3. Hence,
|Se(y, b) = Se(y' V)] < e.

This shows that for every (y, b), there exists §(,, ) > 0 such that all S; satisfy the equicontinuity condition
in the ball Bé(y,b)(% b). By compactness of the domain, a finite subcover of such neighborhoods yields a
uniform ¢ > 0 such that for all (y, b), (v, b") with ||(y’, b')—(y, b)|| < d and all ¢, |S:(y, b)—S:(y', b')| <

e. Therefore, the sequence {S;} is equicontinuous on Y x [0, b].
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Now consider the bond price. Define § = % with € > 0. Following Lemma 1, for all t and all

(bi, by) > 0 such that |b] — b5| < 0, the mean value theorem implies that there exists £ € (b}, b5) such
that

dq:(§)
ob

a(8) — 6] = | 2060 1~ 4] < 1t bl < 7 x 5 =
Hence, for every € > 0, there exists 6 > 0 such that |b] — b5| < & with |q:(b],y) — qe(bh. y)| < €
uniformly over t. Therefore, the sequence {q;} is equicontinuous on B.

For the bond policy, let € > 0. Given the equicontinuity of g:(b’) on B and the compactness of T,
ct(y, b, b') is equicontinuous in (y, b, b') for b € B, b’ € B and so is the composition u o c. Given this,
the equicontinuity of S:(y’, b’) combined with the fact that the softmax function is Lipschitz in S; on
bounded intervals imply that v; is equicontinous in Y x B x B. Fix t, and let (y, b) be arbitrary. Since

the maximizer is unique and the function %) is continuous, there exists > 0 such that
Ve(y, b, he(y, b)) > ¥e(y, b, b') +2e forall b ¢ B, (he(y, b)) and b’ > 0,

where B, (h:(y, b)) is the open ball of radius 7 around h¢(y, b). Fix any € > 0. By equicontinuity of 1/,
there exists 0 > 0 such that if ||(y/, b") — (y, b)|| < 9, then

sup Wt(y’, b, b") —e(y, b, b”)} <g,
b€l (y,b,q)Ur (y',b',q¢)

implying the ranking of maximizers is preserved for nearby inputs. As before, compactness and con-
tinuity ensure one can combine both feasible sets. This leads to 1:(y’, b/, b") < ¥(y, b, b") + ¢ <
Ye(y, b, he(y, b)) —e < Ye(y', b, he(y, b)) for all b” ¢ B,(h:(y, b)). Hence, the maximizer in (y', b')
cannot occur outside B, (h¢(y, b)) and therefore h(y’, b') € B,(h:(y,b)). As a result, ||h(y’, b") —
he(y, b)|| < n showing that h; is equicontinuous on Y x B. Since the argument holds uniformly over t,

the sequence {h;} is uniformly equicontinuous on Y x B. O

Proposition 4 (Existence and Uniqueness). Assume « is sufficiently large and S:(y, b) > S¢+1(y, b) for

all t < T and let {S¢, ht, g+ }2°, denote the sequence generated by the recursive system:

Se(y.b) =, max | {u(y — b+ ()6 — (1= \)b]) — u(y) + 8 / aln (14 5200/ dFY(y’)} ,

he(y, b) = arg max {u(y — b+ q:(B)[P — (1 = \)b]) — u(y) + 5/a In (1 + e5r+1<Y’-b’)/a) dFy(y’)} ,
b'el(y,b;qr)
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G (b) = p / berr(y' B) [1+ (1= Nera(hesn (s B))] dFY(),

where ¢(y', b') = e3P0/ /(1 4 5(v" ')/ @) " Then the sequences S;, hy, and q; converge uniformly
to S, h>°, and q*°, respectively. The limit tuple (5°°, h*°, ¢>°) satisfies the associated fixed point

system.

Proof of Proposition 4. The value function sequence {S;} is pointwise monotone increasing from Propo-
sition 3.3.1 and uniformly bounded from Lemma 1. Since each S; is continuous from Lemma 2 and the
domain is compact, Dini's theorem implies that the convergence S; — S°° is uniform.

Since S; — S°° uniformly, then the repayment probability ¢; — ¢ uniformly on Y x B. Given

this, consider the coupled system
he(y, b) = H(qe)(y, b) = argmax v¢(y, b, b),
b el(y,biqr)

qe-1(b") = Q(ht, qr)(b') = b/¢t(b/,y/) [1 + (1= N)ae(he(b', y")) | dFY (y).

where T¢(y, b;qt) ={b' € B:0 <y — b+ q:(V')[t) — (1 — A\)b] < €} is continuous and compact under
Proposition 2. The objective function for t < T is given by

ey, b,b) = uly = b+ qe(B)[B = (1= N)b]) = u(y) + 3 / aln (1-+ S0/ dFY (),

To establish uniform convergence of {g: }, we need to ensure that the limit of any convergent subsequence
also satisfies the fixed-point pricing equation. Since the policy operator H depends on q;, we must control
how the optimal bond choice changes as the prices vary. The next two lemmas formalize this continuity.
Lemma 3 shows that the bond policy operator is continuous in the price function, and Lemma 4 shows
that the pricing operator is continuous in both the bond policy and the price. These results allow us to

pass to the limit in the recursive pricing equation for any subsequence.

Lemma 3 (Continuity of H). If g, — q uniformly on B, then
H(qn) — H(q) uniformly on Y x B.

Proof of Lemma 3. Since Y x B is compact, I'(y, b, q) is compact-valued and continuous in g, q is
continuous from Lemma 2 and v (y, b, b'; q) is continuous from Lemma 2 and strongly concave in b/

from Proposition 2, Berge's maximum theorem implies that 7(q) is continuous in (y, b, g). Uniform
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convergence follows from uniform convergence of g, and compactness of the domain. O

Lemma 4 (Continuity of Q). If g, — q and h, — h uniformly, then
Q(hn, gn) — Q(h,q) uniformly on B.
Proof of Lemma 4. For any b’ € B,

1Q(hn, qn)(B') — Q(h, q)(K)| < B(1 — A / 6B,y ) an(hal, ¥')) — a(h(,y'))| dF (')
< B(1— A / (5 y)[[an(h(b ) ~ a(ha(B', ")
+la(ha(b',y")) = a(h(b, y'))] | dF

< B(1 = )[40 = dllx +svplalhn(¥' 1)) = (B Y))] =0

using uniform convergence of g, and h, and uniform continuity of g on B. The bond price is continuous
on B. Compactness of the domain upgrades continuity to uniform continuity. Uniformity therefore

follows from uniform convergence of g, and h, together with uniform continuity of the bond price q. O

Given uniform boundedness and equicontinuity in Lemmas 1 and 2, by the Arzela—Ascoli theorem,
the sequence {g:} admits a uniformly convergent subsequence, i.e. g, — g uniformly. By Lemma 3,
h:, = H(qs,) — H(g) = h uniformly. By Lemma 4, q;,_1 = Q(hs,, qr,) — Q(h, §) uniformly.

We now need to show that § = Q(#(g), §) meaning that g is a stationary price function.’® For this,

observe that the price operator can be decomposed into two parts

lge,-1 = Glloc = [1Q(he,. az,) — Q(h, @)l
< |Q(he,, Gr,) — Q(h. Gr,) | + | Q(h, Gt,) — (B, G) o -

N~

A D

Regarding part D, for any b’ € B,

100F, a6)(¥) = QA )] = L= )| [ 6(8, ) a5, ) = a(h(b. )] o
1 - /(boo |an( ( /,y/)) _ a(ﬁ(b/,y'))\ dFY

IA
‘GI

< p(1 = A)llaz, — dllco,

YThis is because g:,—1 # qt,_,. Hence gs,—1 may not belong to the subsequence {q,}.
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where the last inequality uses h(b',y’) € B and ¢> € [0, 1]. Regarding part A, for any b’ € B,
|Q(hty, q,)(b') = Q(h, G2, )(B)| = B(L = ) '/¢°°(b',Y')[qtn(htn(b',)/)) — qt,(h(b', y))] dF”
<B(L= ) [ 60,5l (e (6, 9) — s (B ) .

Since @y, has a uniformly bounded first derivative ||gp¢, |00 < G’ from Lemma 1, it is Lipschitz with
8244, (v.b,he, (v.b).4)

constant §’. Moreover, from the implicit function theorem hy, 4(y, b) = %htn(y, b) = —Wm.
A

2
We have that ZulPu(ha — u (c,,(y, b))lae(b) + qes(B)(B' = (1= NB)[Y — (1= A)b] +

uc(ct,(y, b)), which is uniformly bounded following Lemma 1. This together with the boundedness away
from zero of 6,%,,3,% due to the strong concavity from Proposition 2 ensures that hy, is Lipschitz in gy,

with constant A’. Hence
19t, (e, (6", ¥)) = e, (h(b", )| < T H [|qt, — oo
Adding parts A and D together, we get
l9e,-1 = @lloe < B(L = A)(1 +G'H) [z, — Glloo-

Given that {h;,} is uniformly bounded, there is always an « large enough such that p(1—\)(1+g' ') < 1.
Observe that ¢p(y, b) = L (1 — ¢) 95 VR. We have ¢(1 — ¢) < 1 and C; = (|0, VF||« < 0o from

T«
Lemma 1 which gives the uniform bound |¢p(y, b)| < S Applying Leibniz rule to (4) and taking

«

absolute values

|95(b) < P Ixb(b)] + (1 = A) /!qﬁb! |q(h)] dFy+/¢\qb(h)\ |hs| dF”
———

<pCq/c ~
! < Co/(alr+A)) < |l hpll oo llgsllo

where we used the uniform bound on ¢ and ¢ < 1/(r + A) for the first two terms, and ¢ < 1 for the

third. Taking the supremum over b’ and collecting ||gp||co

pCq 1+
a r+

laslloe |2 = B(L = N1 < (17)

Whenever p(1 — A)||hp|lco < 1, one can always choose a large enough « to make g’ small enough. To
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show this is the case, we can again use the implicit function theorem to get h;, p(y, b) = a%htn(y, b) =
9%ty (y.b by (1.5))

_WM' By Proposition 2 and Lemma 1, h;, (Y, b) is bounded. From Proposition 2, as o« — o0,

ob'2
ht,(y, b) = max{bt' : y — b’ + ﬁ(b’ — (1 = A)b’) > 0} implying that ||hp||cc — 0. Given this and
Equation (17), one can always choose a large enough a such that p = p(1 — A\)(1 + g'H’) < 1. Given

this,

1961 = Glloo < pllGt, — @lloc =0,

SO gt,—1 — g which implies that g = Q(?(g), ) is indeed a stationary fixed point. As we considered a
generic subsequence {q;,}, this is true for any convergent subsequence.
Since multiple subsequences could converge to different limits, we have to show the full sequence

converges to the same limit. Suppose (h1, g1) and (hz, g2) are two stationary fixed points,
qi(b) —p/gboo 1+(1—)\) (h;(b’,y’))} dFY(y"), i=1,2.
Then, for any b’ € B,

9(6) ~ ()] = L= V)| [ 6= ) arlh(by) - aalba(t'y')] |

IN
‘OI

(1-A / 6=y [ (ha(6.y")) — aa(ha(b, )] dF”

<p(1 =M llar - all

where the last inequality comes from the assumption that (hy, g1) and (h2, g2) are two stationary fixed
points. Taking the supremum over b’ gives ||g1 — q2|| < p(1—A)|/g1 — g2||. Since p(1—X) < 1, it follows
that ||g1 — g2|| = 0, hence g1 = g2 = g°°. Given ¢°°, the strong concavity of ©)>°(y, b, -) from Proposi-
tion 2 and the compactness of the feasible set ['(y, b, g>°), h*°(y, b) = arg maxycr(y,b,q0) V(v b, b')
is unique for each (y, b). Therefore the stationary bond policy is uniquely determined.

Since the price operator has a unique stationary fixed point, any stationary price function is g
Therefore every convergent subsequence converges to g°°, and thus the full sequence converges uniformly
g: — g™ on B. Since the bond policy corresponding to g™ is unique hy = H(q:) — H(g>®) = h*>
uniformly on Y x B. O

Proposition 5 (Smoothness). If Assumption 1 holds, i.e. hi(y, b) > 0 for all (y,b) and t < T, ¢+, h;
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and q; are of class C*®° forallt < T.
Proof of Proposition 5. The proof goes by backward induction.

e At time T:

There is no continuation value as the world ends. As a result, h7(y, b) = 0 for all y € Y and
all b € B. The bond policy function hr(y, b) is trivially C*°. However, the sovereign does not
necessarily default for all b > 0. This depends on the realization of (e, ¢#). The repayment

probability is given by

e u(y—b(1+52% 1+2r+/\ N/

¢7(y, b) =

eu(y—b(l-i-ﬁ))/a + eu(y)/a

We can derive an expression for its first derivative with respect to b

by Uelen(+gty) et ety b1+ 25
9o.7(y.b) = a =B+ 5250 /0 qu(y)/a =B+ 5250 /0 qu(y)/a
uc(er)(1+ 1+2r+,\)

- ¢1(y, b)[L — &7(y, b)].

(0}

The differentiability of ¢7(y, b) directly depends on the differentiability of u. Given that v is C*°,
¢7(y, b) is of class C*°. Note that ¢7(y,0) = 1/2 and ¢ is smooth at b = 0 since c7(y, b) is

smooth in b. Given this, the bond price at time T — 1 is

2

% (b), b>0.
T2 X b20

qr-1(b) =

Since x7(0) = 1/2, we have q7_1(0) = which equals the terminal buyback price in

1
T+2r+x
Assumption 2. Thus g7_1(b) is continuous at b = 0 and of class C* for all b > 0 given the

smoothness of ¢7(y, b).

o At time T —1:

The optimal borrowing policy is determined by the GEE. In points such that bt > 0, the optimal
borrowing is the solution to (GEE),

g (br|br_1,y) =

uc(cr—1) [qT—l(bT) + // db,7(y', bT) 2

T _dFY(br— (1= \)br_
1+2r+)\d (br — (L= A)br-1)
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/ 1 _
- /B/y/ o7(y’, br)uc(er) |1+ (1 - A)m dEY — 0.

The existence of the derivative g, 7 and hp 1 is ensured by the fact that g7 and ht are both
of class C*. The repayment probability ¢ is also C*. Moreover, the derivative of g$££ with

respect to bt is invertible.?® As a result, gf-f’i_(bﬂbr_l,y) is of class C* and so is hr_1.

The repayment probability is given by

SVE (v.b)/a
1y, b) = :
¢1-1(y, b) VELU B | VA (/e

As before, we can derive an expression for its first derivative with respect to b
uc(cr-1)
YTV 4 (1= Ngroa(br1)]

evﬁ—l(y'b)/a [ evﬁ—l(Yrb)/O‘

¢b,7-1(y, b) = —

Vb | Vi )a |7 VL b a | GV ()

= 2T 4 (1 Naroa(hr ) ora(y. D)L - o7y, D)

Given that u is C*°, ¢7_1(y, b) is of class C™ for all b > 0. Given this repayment probability, the

bond price at time T — 2 reads

ar-2(b) = pxr-1(6) + B(1 = 3) [ o120/ Dar-s(hraly B)IF, b0

Since g7_1 is smooth, g7_»(b) is of class C* for all b > 0.

e Attime T —nfor T > n> 2:

We develop an inductive argument for the remaining periods. We want to show that properties
of the price function, the repayment probability and the borrowing policy are preserved from one
iteration to the other for T — n for all T > n > 2. We have previously shown that properties are

preserved throughout T to T — 1 (i.e. induction hypothesis).
We have that gr_, and ¢1_,41 are of class C*. Similarly, g7_,+1 and hy_,11 are of class C*°.

As for every iteration, the optimal borrowing policy is determined by the GEE. In points such that

2We do not derive the expression for the derivative. The result is immediate after taking the derivative and the fact
that the utility function is bijective. The same argument applies to all g functions considered in this section.
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br_p+1 > 0, the optimal borrowing is the solution to (GEE),

g'[qEE(benJrlbefnv)/) - Uc(chn) qTfn(ben%»l) + (ben+l - (1 - )\)ben)

{P(l - )\)/ OT—nt1(y' bT—n11)qb, T—n1(hT—n1(Y', bT—nt1)) b T—nt1(y', bT—ny1)dF”
y/

+p/ O, T=nt1(y' bT—n1)[L+ (1= N)aT—pia(h7—n (V') an+1))]dFy}] o’
y/

/ OT—nt1(y', br—nt1)uc(cr—ns1)[1 + (1 = N)gr—nt1(h1—ns1(y', bT—nt1))]dFY = 0.
y/

The existence of the derivative qp 7_p+1 and hp 741 is ensured by the fact that q7_,41 and

h1_py1 are both of class C*°. Moreover, the derivative of g%fﬁ with respect to br_, is invertible.

As a result, g<EE(

Thus, hr_,(y, b) is of class C*.

b1 _n+1|bT—n,y) is of class C* and so does hy_, by application of the IFT.

The repayment probability is given by

VE_(v.b)/o
¢1-n(y, b) = Vb a . V- ()/a

As before, given that v is C* and h1_p41 > 0, ¢7_p(y, b) is of class C* for all b > 0. Given

this repayment probability, the bond price at time T — n — 1 reads
a7 n-1(b) = PxT_n(b) + (1 — A) / 7oy B)qT—n(hT—nly' B))dF?, b>0.
y/

Since g7—_, is smooth and ht_, > 0 by assumption, g7_,_1(b) is of class C* for all b > 0.

We therefore conclude that the properties of the price function, the repayment probability and the

borrowing policy are preserved from one iteration to the other for T — n with any T > n > 2.

O

Proposition 6 (Limiting Derivatives). Let {hp:} and {qp+} denote the sequence of derivatives of {h;}
and {q:}, respectively. Under Assumption 1, hy — h* uniformly on Y x B and q; — q¢° uniformly on
Y x B and large enough «, it holds that hy, ; — %hoo uniformly on Y x B and qp+ — %qoo uniformly
onY x B.
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Proof of Proposition 6. We prove the statement in two parts. First, we show the uniform convergence

of the derivative of the bond policy. From the implicit function theorem, we have for t < T

_ 0 _ obob’
ht,b(y' b) = %hf(y' b) - 029 (y,b,h:(y,b)) '
ob2

where the objective function is given by
ey, b, b') = u(y — b+ qe(b)[6 — (1= A)b]) — u(y) + 5 / aln (14 eSeal /) gpy (/).

From Lemma 1, |[V20p¢:(y, b, b')|| < P. Therefore, for each w(y, b, b') € {VOpv:(y, b, b')} =

{(ggﬁ,, gsgg,, %21)%)}, for any two points (y1, b1, by), (y2, b2, b) in Y x B x B, the mean value theorem

implies
\we(y1, by, by) — we(ya, b2, b3)| < P ||(y1, by, by) — (y2, ba, B5)]| -

Hence, the sequence {VOp1¢(y, b, b')} is uniformly Lipschitz, and thus equicontinuous. Given this and
the uniform boundedness shown in Lemma 1, the Arzela-Ascoli theorem implies VO t:(y, b, b’) admits
a uniformly convergent subsequence on Y x B x B.

Given the formulation of h;, from the implicit function theorem, the strict positivity of hy from
Assumption 1, the boundedness away from zero of 812),13,1/1,5 due to the strong concavity and the uniform
convergence of a subsequence of VOy 1), hyp admits a uniformly convergent subsequence.

Since multiple subsequences could converge to different limits, we have to show the full sequence
converges to the same limit. Suppose that along a subsequence h, , — g for some limit g*. Since

ht — h*° uniformly, we can integrate
by
hely, br) — he(y, bo) = / by, b)db.
bo
Taking t — oo, uniform convergence lets us pass the limit inside the integral
by
h>(y, b1) = h>(y, bo) = / g>(y. b)db.
bo

Since the uniform limit of a continuous function is continuous, g* is continuous. This implies that h*°

is differentiable in b and hf® = g°°. Since every subsequence yields the same limit h7° the full sequence
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converges uniformly, h;, — hp° = %h"o onY x B.

> qe(b')
b2

g" for b’ > 0 (the interior region selected by Assumption 1) in Lemma 1. As a result, for all t < T and

Second, we show the uniform convergence of the derivative of the bond price. Recall that sup, , <

all b, b}, in B, the mean value theorem implies that
|9e.6(b1) — Gep(b3)| < G x |by — by

Hence, the sequence {q; p} is uniformly Lipschitz, and thus equicontinuous. Given this and the uniform
boundedness shown in Lemma 1, the Arzela-Ascoli theorem implies g; , admits a uniformly convergent
subsequence. As before, we need to show the full sequence converges to the same limit. Since g — ¢*°
uniformly, we can repeat the previous argument. As a result, every convergent subsequence of {qg; p}

converges to the same limit. Hence, it holds that g; , — q;° = %qo" uniformly on B. O

B The GEE in Alternative Settings

We formulate the GEE for three alternative settings, treated in parallel in the subsections below: the
canonical quantitative model with long-term debt and persistent income of Hatchondo and Martinez
(2009) and Chatterjee and Eyigungor (2012) (Appendix B.1); the partial-default model of Arellano et
al. (2023) (Appendix B.2); and a positive recovery rate upon default (Appendix B.3), which nests an
exogenous-size partial default as a special case. In each case, we highlight the modifications required
relative to the baseline GEE derived in the main text, providing guidance for practitioners seeking to

apply our methods to richer environments.

B.1 The Canonical Quantitative Model with Long-Term Debt

We have assumed an i.i.d endowment shock with permanent autarky upon default without endow-
ment loss. However, in the canonical quantitative model with long-term debt, the endowment shock is
persistent, there is an endowment loss upon default and a fixed market re-entry probability. Denote by
FY(y'ly) the continuous distribution function of y’ given y, by ¢(y) the endowment loss and £ € [0, 1]

the re-access probability. Given this, the value under financial autarky is then

VA =ty e+ 8 [ (VR0 + -9V et
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The value under repayment reads
VR(y, b) = max {u (y =b+aq(y. b) [t —(1=XN)b]) +BW(y, b')},

where W(y, b') = [« In(eV" (/" )/t VA)/@) dFY(y'|y). The definition of the repayment probability
¢(y, b) remains unchanged. Given x(y, b’) = fy o(y', b') dFY(y'|y), the price of one unit of bond reads

q(y, ') =p x(y. b') + B(1 = X) /y o(y', b') qly’ h(y', b')] dF*(y'ly).
y

The main difference with our simplified environment is that the bond price and the expected continuation
value depend on y due to the persistency of the endowment shock. Following the steps elicited in

Section 5, the GEE can be formulated as

ue(c) [q(y, b') + (b = (1 - A)b) {p(l —A) /y¢(y’, b') B(y'. b'|h, ¢, q) ho(y', b') dF”(y'ly)

+p/y¢>b(y’, b') [1+(1—X) q(y'. h(y'. b'))] dFy(y’\y)}]

= /J’/y oy, b') ue(c’) [L4+ (1= A) q(y', h(y', B)] dFY(y'ly).
y

with ¢ =C(y, b, h(y. b)lq) = y—b+al(y, h(y, b))(h(y, b)—(1=A)b) and ¢ = C[y’, h(y, b), h(y", h(y. b))|q].
We substituted the derivative of the bond price using

1
Bly. bl 6.4) = Ly Thly By = (1 = M)
‘ [B "0/ h(y, b)) ue(e) [1+ (1 — Na(ys by, hy, BY))] dFY('ly)

— uc(c)q(y. h(y. b))|.

The GEE is very similar to the one derived in the main text since most of the changes affect the value
of autarky and not the value of repayment. From a computational standpoint, the main adaptation
required when moving from i.i.d. to persistent income is that all equilibrium objects—q, W, ¢ and
their derivatives—become functions of y in addition to b’. This increases the dimensionality of the

interpolation but does not change the structure of the algorithm. The pseudocode in Section 6.2 applies
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directly with the replacement of unconditional expectations by conditional ones. The re-entry probability
¢ and endowment loss ¢(y) modify only the autarky value and do not affect the GEE itself, since the
GEE characterizes the repayment decision conditional on not defaulting. A positive recovery rate is

treated separately in Appendix B.3 below.

B.2 Partial Default

In the partial-default model, denote by a the total debt due. In a state (y, a), the borrower chooses

new borrowing b’ € B and partial default d € [0, 1] to maximize its value

b,d

V(a,y,z) = max {u (y —(1-d)a+q(d.d, z)b) + ﬁ/ vy, z’)sz(z’z)}
st. & =da+ (1+r—0d)xda+ b,

y'=2V(d, ).

Any defaulted coupons da result in future obligations with present value of kda. Hence, the total debt
due next period &' includes the accumulation of defaulted coupons after annuitization (1 + r — )x, the
coupon payments due from the long-term legacy debt da, and the new borrowing b’. Given this, the

price of one unit of bond reads
q(d.d,z) = 1/[1 —d(d,y', Z) dF.(Z|z)
Y 1+r o z
1
i /[5+(1+r—5)f~@d(a’,y’,z’)] x q(a",d(a,y, 2, 2) dF,(Z'|2),

with &’ = [0+ (1+r—0)kd(d,y'. /)]’ + b(d',y', 2') and y' = Z/W4(d, 2’). To derive the GEE, define
first the debt burden as A(d',¢') =1—d" + [0 + (1 + r — §)xd’]q’. The first-order conditions for an

interior solution for the above maximization problem with respect to b and d are

uc(c) [q(d' d,2) + g.(d', d, 2)b] = ﬁ/uc(c’)/\(d’, q) dF,(Z'|2),

uc(c) [a+ (qa(a’, d,2)(1+r — 6)ra+ qq(d', d, 2)) b]

_ ﬁ/[uc(c')(l b r—a)raN(d, q) — 2Vy(d, 2)] dFo(|2).
As before, the derivatives of the bond price depend on derivatives of bond prices in future. By
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rearranging optimality conditions under equilibrium policies, the future derivatives of the bond price can

be obtained by evaluating the following at future states:

ga(a’,d,z) = M(a,y, z|b,d, q)

_ BJuc(c)Md', q')dFz(Z'|z) — q uc(c)
n buc(c) '

qa(a’, d,2)(1 + r —d)ra+ qq(a', d, z) = N(a,y, 2|b,d, q)

_ B [uc(c)[(1+r—0d)ralNd' q')—2Vq4(d, 2')] dF,('|z) — auc(c)
- buc(c) '

B.3 Positive Recovery upon Default

We extend the persistent-income environment of Appendix B.1 to a positive recovery rate € [0, 1]
on the face value of debt. Upon default, creditors receive n per unit of defaulted face value. Whether
this recovery is a costless transfer or is financed by the defaulting sovereign is governed by a single
parameter 6 € [0, 1], the share of the recovery borne by the defaulter: at @ = 0 the recovery is a stylized
transfer that does not draw on the sovereign’'s resources, while at 8 = 1 the sovereign actually pays
1 b to its creditors, so that default is partial—creditors recover 1 and absorb a haircut 1 — n—uwith
the recovery size exogenous. The latter is the constant-recovery case of the endogenous partial-default
model of Arellano et al. (2023) formulated in Appendix B.2.

The value under default carries the funded share of the recovery as a flow cost,
Y
VA(y, b) = u(y — ¢(y) — nb) + /J’/ [€ VR, 0) + (1= &) VA, 0)] dFY (¥']y),
Y

where the continuation enters at zero debt, so b affects VA only through the one-time payment 61 b;
write ¢*(y, b) = y — ¢(y) — 0 b for autarky consumption. At § = 0 this collapses to the baseline
VA(y). The repayment value VR(y, b), the inclusive value W(y, b'), and the repayment problem are

unchanged in form, while the repayment probability

oVR(b) /o

y.b)/a 4 eVA(y.b)/e

¢(y1 b) = evR(

inherits whatever b-dependence V# carries.
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Because creditors receive 1 per unit in default regardless of how the recovery is financed, the bond

price and its derivative do not depend on 6:

qly, b') =px(y. b')+P(1— 1) /y¢(y’, b'Ya(y'. h(y', b)) dF(y'ly) + B0 [1 — x(y. b')],

ar.8) =7 [ " on(, ) [1 =+ (1= 2) q(y/s hy', B))] dF*(¥/]y)

+p(1—X) /yqﬁ(y’, b') au(y’, h(y', b)) hu(y', b") dF” (y'ly),

with x(y, b)) = [¢(y', b')dFY(y'ly): the coefficient on ¢, becomes 1 — 1 + (1 — X)g in place of
1+ (1 —\)g, and g gains the additive term pn[l — x].
The funded share enters the repayment first-order condition through the effect of b’ on next period’s

default value, 0y VA(Y', ') = —0n uc(cA(y’, b')). Define the recovery wedge

Z(y.b') = BOn /y(l —o(y b)) uc (AW D) dFY (Y ly), AW )=y —o(y)—onl,

the expected marginal cost of carrying debt into the default state. The repayment first-order condition
reads
y
uc(c) [qy, ') + (6" = (1 = A)b) gs(y, b)] = B/ ¢y b") uc(c’) [1+ (1= A) q(y', h(y", b))] dF¥ (¥'ly)
Yy

+ Z(y, b).

Substituting g, and replacing g,(y’, h(y’, b)) by the self-consistent representation, which inherits the

wedge,

1
ue(c) [y, b) — (

B(y. blh, 6,9) = g |F Bl (1= Naly' b )] 4P 1)
Y

+ =(v. h) —uc(c)qly. h)|.  h=h(y,b),

the GEE with recovery reads
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uc(c) [q(y, b') 4+ (b' — (1= A)b) {p(l - ) /ycb(y’, b)Y B(y', b'|h, &, q) he(y', b') dFY(y']y)
. " ooy B) [1— 0+ (1— N a Ay, b)) dFY(y’\y)}]

5 / "oy, B ue(<') [1+ (1= N) (', by, B))] dF (' ly) + =y, ),
with ¢ = C(y, b, h(y, b)|q) and ¢’ =C[y’, h(y, b), h(y', h(y, b))|q] as before.

Two polar cases are worth isolating. With # = 0 the wedge vanishes and V# is independent of
b: the recovery is a costless transfer and the GEE differs from the baseline only through the modified
pricing coefficient 1 — 7. With 8 = 1 the sovereign funds the recovery in full, the wedge = is active, and
default is partial of exogenous size 1 — 7). In either case n = 0 returns the baseline persistent-income
GEE exactly.

The computational cost is mild for any . The autarky problem gains the state b, but only through
the flow u(c”(y, b)) with a b-independent continuation, so VA(y, b) = u(y — ¢(y) — 0n b) +Q(y) is as
cheap to solve as the baseline. The pricing and derivative recursions are unchanged, and the recovery
wedge =(y, b’) is a known function of next-period debt once ¢ and autarky consumption are in hand.
The pseudocode of Section 6.2 therefore applies with the modified pricing coefficient and an additive =
term; at ¢ = 2 the EGM closed-form quadratic for consumption is preserved, since 7, 6, and = enter

only coefficients known on the EGM update step.

C Comparison with Chebyshev VFI

This appendix compares the GEE methods to a VFI implementation that uses a global Chebyshev
approximation. The method solves the same Bellman system as discrete-state VFI, but replaces the

tensor-grid representation of the repayment value with a global Chebyshev approximation to the surplus
S(y.b) = VR(y,b) = VA(y).

This provides a smoother VFI benchmark than discrete-state maximization while still relying on direct
maximization over a debt-choice grid.

Algorithm C.1: Value Function Iteration with Chebyshev Interpolation

vfi vii vii
Let {b,-},{V:"1 and {yj}JI.V:y1 denote Chebyshev nodes for debt and income, and let {b;}:’i’l denote a fine

grid for debt choices, and let 7j, denote the income transition probability from y; to y;; consumption
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c (yj. bi, b}; q) is defined as in Algorithm 1.

Step 1. Initialize. Set n = 0. Choose initial guesses for S© VA 4O and h(®. Construct ¢(© from

Equation (11), equivalently
0
6O (y, b) = =P (59 (v, b) /a)
1+ exp (SO (y, b) /a)

and recover VR (y, p) = VA©O) (y) + SO (y, b).

Step 2. Maximize over the choice grid. For each Chebyshev state node (y;, b;), choose

A"t (y;, by) € arg mﬁx{u(yj — A+ (1 —=X)z] b
k

+ 4 (. B [ — (L= ) bi] ) + BW (35, ) },

treating choices with non-positive consumption as infeasible. The maximized objective defines V/®:(7+1) (yj. bi).
Step 3. Update the autarky value. Update VA ("1 from the autarky equation.

Step 4. Update the surplus and fit the Chebyshev approximation. Set
5(n+1) (yj’ bi) _ VR,(n+1) (yj’ bi) _ VA,(n+1) (yj) ’

and fit a complete Chebyshev polynomial to S("*1) by least squares on the state nodes.

Step 5. Update repayment probabilities and continuation values. Compute ¢("*1) from Equation (11) and
the inclusive continuation values W("1) from Equation (9), evaluating the surplus off grid through its

Chebyshev approximation.

Step 6. Update prices. Set
a0 (v, b)) =B > med ™™ (i, bl) [A +(1=N)z+(1-2)q" (ye, A (v, b’k))] :
¢

The future policy and price terms are evaluated using the current interpolation objects.

Step 7. Apply policy inertia and check convergence. If the candidate policy at a state improves the repayment
objective by less than €y, retain the previous policy at that state. Stop when the sup-norm distances
gD — g(M]| _and [|VR(HD) — VR fall below the tolerance; otherwise set n <~ n-+1 and return

to Step 2.

Relative to discrete-state VFI, the substantive change is the representation of the repayment value.
Chebyshev VFI still maximizes directly over a debt-choice grid, but it stores the value object through

a smooth global approximation to the surplus. The method is therefore a VFI benchmark rather than
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a GEE method: it does not use first-order conditions and still requires a fine debt-choice grid. In the
implementation, income is represented at Chebyshev nodes with conditional expectations evaluated by
Gaussian quadrature, and—as for discrete-state VFI—a policy-inertia rule suppresses spurious cycling
across adjacent debt choices.

The table shows that Chebyshev VFI produces similar stationary moments to the GEE methods,
but substantially larger equilibrium residuals. Relative to benchmark Chebyshev VFI, the GEE price
residuals are smaller by roughly four orders of magnitude across the reported price metrics, and the value
residuals are smaller by four to five orders of magnitude. EGM also dominates Chebyshev VFI in runtime:
benchmark EGM converges in 11.04 seconds, compared with 25.57 seconds for benchmark Chebyshev
VFI. Pl is slower because it solves the GEE by root-finding, but it delivers the same large accuracy gains
relative to Chebyshev VFI. Thus, the comparison confirms that the GEE gains are not specific to the
discrete-state VFI benchmark.

Table 6 reports the den Haan and Marcet (1994) accuracy test for all four methods, including VFI with
Chebyshev interpolation. Under the test, Chebyshev VFI's absolute deviations from the nominal 5 percent
rejection frequency are 0.65 and 3.40 percentage points (lower and upper tail) for the scalar instrument
and 1.60 and 0.65 for the state-dependent instruments, intermediate between the GEE methods and
discrete-state VFI.

Figure 5 shows the convergence paths of all four methods at the benchmark grid—the logip sup-norm
distance between successive iterates of the price function g and the repayment value V. The GEE
methods have the cleanest and most regular profiles; discrete-state VFI and Chebyshev VFI converge

under the same smoothing but with a longer initial transient.

C.1 Additional Grid Robustness

This appendix reports the full grid-robustness table underlying the main text. The table includes
all four methods and all grid configurations. It is intentionally more detailed than the main comparison
tables: it reports moments, price and value residuals, stationary-distribution-weighted residuals, internal
grid sizes, iterations, and runtimes.

Several patterns are robust across grid specifications. First, the economic moments are stable for the
accepted solutions. Across the GEE methods, the debt-to-output ratio remains 0.70, the average spread
remains approximately 0.08, and the volatility and correlation moments vary little across the benchmark,
coarse, and fine grids. The VFI methods produce broadly similar moments, although the spread and

correlation moments are somewhat more sensitive to the grid specification.
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Figure 5: logip sup-norm errors of the price function and the value of repayment after successive iterations
of each algorithm at the benchmark grid.

Second, the GEE methods deliver large accuracy gains over the VFI Discrete Benchmark at every
grid level. For EGM and PI, the price sup-norm residual is between roughly one and a half and three
and a half orders of magnitude smaller than the VFI Discrete Benchmark residual across all grids; the
value sup-norm residual is reduced by a factor of about 2.5 (Coarse) to 50 (Fine). Even Coarse GEE
outperforms VFI Discrete Benchmark on every reported residual, indicating that the GEE methods are
not relying on a fragile choice of internal grid.

Third, the VFI methods are more sensitive to grid design and computational cost. Discrete-state
VFI requires much larger debt grids to obtain comparable accuracy, and runtime increases sharply as the
debt grid is refined. Chebyshev VFI is faster than discrete-state VFI at the benchmark specification, but
its value residuals remain much larger than those of the GEE methods. The fine Chebyshev VFI grid also
substantially increases runtime. These robustness results reinforce the main message: the GEE methods
achieve high residual accuracy with a smaller effective approximation space, while VFI-based methods

require more intensive maximization or approximation to approach the same level of accuracy.
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Table 5: Comparison with Chebyshev VFI

VFI Cheb. Interp. GEE PI GEE EGM

Benchmark Benchmark  Coarse  Benchmark  Coarse
Stationary moments — calibration targets
b/y 0.70 0.70 0.70 0.70 0.70
Average spread 0.079 0.080 0.080 0.080 0.080
o(spread) 0.048 0.045 0.047 0.045 0.047
corr(spread, y) -0.79 -0.82 -0.79 -0.82 -0.79
Additional moments
o(c)/o(y) 1.1 1.1 1.1 1.1 1.1
a(y;c)/a(y) 0.14 0.13 0.14 0.13 0.14
corr(c, y) 0.99 0.99 0.99 0.99 0.99
corr(y;c,y) -0.57 -0.60 -0.54 -0.60 -0.54

Numerical accuracy: VFI Cheb. column reports log,, absolute residual;

GEE columns report the ratio of the GEE residual to the corresponding Cheb VFI residual

Price sup -1.56 0.00013 0.0015 0.00020 0.0012
Price L2 -2.70 0.00015 0.0015 0.00022 0.0015
Price stat. L2 -3.24 0.00042 0.0013 0.00029 0.0013
Value sup -2.54 0.00016 0.0010 0.00018 0.00089
Value 2 -2.88 0.000052 0.00033  0.000056  0.00034
Value stat. 2 -3.19 0.000057  0.00024  0.000057  0.00023
Computational cost

Grid y 35 101 101 101 101
Grid b 35 35 20 35 20
Grid b’ 500 - - 35 20
Polynomial order 35 - - - -
Tolerance le-09 le-09 le-09 le-09 le-09
Iterations to converge 509 452 455 452 452
Time to converge 25.57 102.26 96.99 11.04 10.27
Time per iteration 0.050 0.226 0.213 0.024 0.023

Note: Times are in seconds. Moments are computed from the stationary distribution implied by each numerical
solution. The benchmark Chebyshev VFI column reports accuracy as log;y unit-free residuals on the common
validation grid. The GEE accuracy entries are normalized by the corresponding benchmark Chebyshev VFI residual:
em/€cCheb = 10'0g10(em)—logio(echen) . Thus, values below one indicate smaller residuals than benchmark Chebyshev
VFI. Price residuals are normalized by the risk-free long-term bond price, and value residuals are relative to the
policy-implied repayment value. For EGM, Grid b’ is the exogenous next-period debt grid. For Chebyshev VFI,
Grid b’ is the fine choice grid used in the Bellman maximization. Comparing the same EGM residuals to the
discrete-state VFI benchmark of Table 3 gives the ratios reported there; the absolute residuals are unchanged.
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Table 6: den Haan and Marcet (1994) Accuracy Test — All Methods

w(x) =1 w(xt) = [L,yz, b
VFI GEE VFI GEE
Discrete  Cheb. Interp. Pl EGM Discrete  Cheb. Interp. Pl EGM

Absolute Deviation from Lower 5% (percentage points)

1.10 0.65 0.05 0.00 1.85 1.60 045 0.20

Absolute Deviation from Upper 5% (percentage points)

5.75 3.40 0.15 0.05 6.00 0.65 0.30 0.50
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